GKM-sheaves and nonorientable surface group 

representations 

Thomas Baird 
September 15, 2010 

Abstract 

Let T be a compact torus and X a nice compact T-space (say a manifold or 
variety). We introduce a functor assigning to X a GKM-sheaf Tx over a GKM- 
hypergraph Tx- Under the condition that X is equivariantly formal, the ring of 
global sections of Tx are identified with the equivariant cohomology, H^(X; C) = 
H (Tx)- We show that GKM-sheaves provide a general framework able to incor- 
porate numerous constructions in the GKM-theory literature. 

In the second half of the paper we apply these ideas to study the equivariant 
topology of the representation variety TZk '■= Hom(iri(T,), K) under conjugation by 
K, where S is a nonorientable surface and if is a compact connected Lie group. 
We prove that TZgu^ is equivariantly formal for all E and compute its equivariant 
cohomology ring. We also show that TZsu(5) fails to be equivariantly formal in 
general, disproving a conjecture from [Bai08] 

1 Introduction 

1.1 GKM-sheaves 

Let T = U(l) r be a compact torus of rank r. Equivariant cohomolog}ll] Ht(-) is a functor 
from the category of T-spaces to the category of Z-graded algebras over the cohomology 
ring of classifying space H*(BT). There is a canonical isomorphism 



H*(BT) = C[t] 

where t = Lie(T) <g> C is the complexified Lie algebra viewed and C[t] = C[xi, ...,x r ] is the 
polynomial ring of regular functions, with grading deg(xj) = 2. A characteristic feature 
of equivariant cohomology theory is the interplay between the topology of a T-space X 
and the behavior of the C[t]-module H^(X) under localization to linear subspaces of t. 

A good example of this interplay is the Borel localization theorem (which comes 
in several versions). Suppose that A is a nice T-space, by which we mean a finite T-CW 

1 We use complex coefficients throughout. 
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complexH and let Y denote a nice T-subspace. Let t x denotes the complexified infinitesimal 
stabilizer of a point x e X. Borel localization says that as a module over C[t], the support 
of H^(X, Y) satisfies 

Supp(^(X,F)) C |J t x . (1) 

x&X\Y 

Notice that by the finiteness assumption on X, the right hand side of (JTJ) is equal to a 
finite union of linear spaces so it is an algebraic set. 

An important special case is Y = X T . Combining the localization theorem with the 
long exact sequence of the pair i we conclude that the kernel and cokernel of 

the homomorphism 

i* : H^(X) -»■ H^(X T ) (2) 

are torsion modules over C[t]. In many interesting cases, H^(X) is known to be torsion 
free so H^{X) = im(i*) and it is useful to have effective methods of computing the image 
of i*. One such method uses the Chang- Skjelbred Lemma |CS74j (see also |FP07j ). which 
we now explain. 

Let X be a nice T-space and consider the equivariant topological filtration 

X T = X C X± C ... CX r = X 

where Xj is the union of T-orbits of dimension less than or equal to j. The pair (Xi, X ) 
is called the one-skeleton of X. It follows from consideration of the long exact sequence 
of the pair that the image of d2J) lands in the kernel of the boundary map 

d:H* T {X Q )^H* T {X 1: X Q ) (3) 
so we may restrict i* to a homomorphism 

i* : Ht(X) ^ker(d). (4) 

If H^(X) is torsion free, then it is not hard to show (see Theorem 1 2. 6 1) that i* is injective, 
with cokernel supported in codimension at least two. The Chang-Skjelbred Lemma 
states that if H^(X) is a free C[t]-module, then i* is an isomorphism. 

This hypothesis is sufficiently important to warrant it own name. A T-space X is 
called equivariantly formal if H^(X) is a free C[t]-module. In this case there is an 
isomorphism of Z-graded C[t]-modules, 

H*(X) S H*(X)®C$. 

Many interesting examples of T-spaces are known to be equivariantly formal, including 
compact Hamiltonian T-manifolds and spaces whose ordinary cohomology lies only in 
even degrees. 

2 This class of T-spaces include compact, smooth T-manifolds and compact, real algebraic subsets of 
linear T representations |PS98j . 
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GKM theory translates the problem of computing the image of ([3]) into combinatorial 
algebra. Suppose that X is a nonsingular projective T-equivariant variety for which Xq 
is a finite set of points and X\ is a finite union of rational curves linking pairs of points 
in Xq. The combinatorics the 1-skeleton (Xx,X ) is neatly described using a graph Tx, 
called the GKM-graph of X. The vertices of Tx correspond to points of X and the edges 
of Tx correspond to the irreducible components of Xi. The edges are labelled by the 
character a : T — >■ U(l) through which T acts on the corresponding rational curve (this 
character is only determined up to sign). GKM theory provides a recipe for computing 
H}(X) = ker(d°) from this labelled graph, first described in |GKM97] (see also |GZ01] ). 

One of the main results of the current paper is to generalize this GKM procedure to all 
nice T-spaces X. In §2.11 we define a functor X i— > Tx from the category of nice T-spaces 
to the category of GKM-hypergraphs, so that Tx encodes the combinatorics of the one- 
skeleton (Xi,X ). In §2.2l we define the notion of a GKM-sheaf over a GKM-hypergraph, 
and associate to any nice T-space X a GKM-sheaf Tx over Y x such that the algebra of 
global sections if (.Fx) is naturally isomorphic to ker(rf) from 03]). If H^(X) is free, then 

H\JF X ) = H*(X) (5) 

by the Chang- Skjelbred Lemma. 

GKM-sheaves are related to and were inspired by the T-sheaves of Braden-MacPherson 
[BMOlJ, which used in the study of equivariant intersection cohomology. In §2.5l we show 
that every pure T-sheaf determines a GKM-sheaf in such a way that their modules of 
global sections are isomorphic. GKM-sheaves are also a useful framework for better 
understanding constructions due to Guillemin-Zara [GZ0 3] and Guillemin-Holm |GH04] . 
related to the topology of Hamiltonian actions, a point we address in §2.51 

1.2 Representation varieties 

Let 7r = 7Ti(E) be the fundamental group of a compact, nonorientable 2-manifold without 
boundary and let K be a compact, connected Lie group of rank r. The space of homomor- 
phisms Hom(7r, K) equipped with the compact open topology is called a representation 
variety. The group K acts by conjugation on Hom(ir, K) producing the topological quo- 
tient stack, [i?om(7r, K)/K\ which is naturally isomorphic to the moduli stack of flat 
.fT-bundles over S. 

An important invariant of a stack is its stack cohomology, which in our case can be 
identified with the equivariant cohomology H^(Hom(TT, K)), and this is the object of 
study in the second half of this paper ( In fact, we work with a wider class of varieties 
associated to a punctured surface that includes to Hom(7i, K) as a special case ). 

In [BailOj . the author derived formulas for the cohomology rings 

H*([Hom(7r,SU(2))/SU(2)}) = H* su(2) (Ham{-K, SU(2))), 

describing Poincare polynomials and cup product structure (unless otherwise indicated, 
cohomology is singular with complex coefficients). This calculation was greatly facilitated 
by the following fact: 

Theorem 1.1. For K = SU{2), the K-space Hom(7r,K) is equivariantly formal. 
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Recall that a nice .fT-space X is called equivariantly formal if H* K (X) is free as a 
module over H*(BK) or equivalently, if H*(X) ®<cH*(BK) as graded vector spaces. The 
second objective of the current paper is to test whether this equivariant formality property 
generalizes other to Lie groups. The answer is no in general: it fails when K = SU(5) 
and S is the Klein bottle. However we do get a positive result for K = SU(3). 

Theorem 1.2. The SU(3)-space Hom(7r, SU(3)) is equivariantly formal, with equivariant 
Poincare series 

(1 + g + t 5 + t 8y + (1 + t 2 + t 4 )(t 3 + 2t 4 + t 5y 

(1 - t 2 )(l - t 4 )(l - t 6 ) ' {) 

We also obtain an explicit description of the cup product structure on Hg U , 3 JHom(7r, SU(3))). 

The formula fl6]) for the Poincare series was conjectured by Ho and Liu [HL08] and later 
proven by the author |Bai09] using the Morse theory of the Yang-Mills functional, but this 
approach concealed the cup product structure. On the other hand, GKM-theory respects 
the cup product structure so by combining GKM methods with the previously obtained 
formula ([6]) we are able to prove Theorem 11.21 We predict that further application of 
Yang-Mills theory will establish the following. 

Conjecture 1. Equivariant formality holds for compact, connected Lie groups K whose 
simple summands have rank < 2. This includes in particular types B 2 and G 2 - 

Now we outline the strategy. Recall that if T C K is a maximal torus and W = 
N(T)/T the Weyl group, then for any T-space X, there is a canonical isomorphism 

H K (X) = H* T {X) W , 

so to a great extent the study of connect compact groups actions reduces to torus actions. 
Because T is maximal abelian in K it follows easily that 

X := Hom(ir,K) T = Hom(n,T). 

The codimension one tori in T that occur as stabilizer groups of the torus action are 
precisely the root hypertori of T in K. Thus if we let A + denote the set of positive roots 
of K, we have 

X x = |J Hom(7T,K a ) (7) 

aSA + 

where K a is the centralizer of the kernel of a. The groups K a have semisimple rank 1, so 
admit a covering f/(l) r_1 x SU(2) — > K a , where r is the rank of K. The representation 
variety Hom(Tc, K a ) can then be described using the known properties of Hom(7r, SU(2)) 
from |BailO] . Since we have a good understanding of the one-skeleton (Xi,X ), we are 
able to compute the global sections of the GKM sheaf Tx- If H^{X) is equivariantly 
formal, then necessarily H Q (J-x) must be free, so computing H {Tx) provides a test of 
the equivariant formality of Hi^(X). In the case of K — SU(3), this is combined with 
Morse theoretic information to compute H^(X). 

Acknowledgements: I would like to thank Frank Gounelas, Tara Holm, Frances 
Kirwan, Damiano Testa and Geordie Williamson for helpful discussions. 
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2 GKM theory 



Fix a compact torus T with complexified Lie algebra t = Lie(T) <g) C and dual t* = 
Hom(t, C). Let A := C[t] = S(t*) denote the symmetric algebra of polynomial functions 
on t, graded so that t* has degree 2. Then as a graded ring, A is naturally isomorphic to 
H*(BT). We say that a T-space X is nice if it admits the structure of a finite T — CW 
complex. 

2.1 GKM-hypergraphs 

A hypergraph^ T = (V, £, 7), consists of a pair of sets V and £ called the vertices and 
hyperedges of T respectively, and a map 

7 : £ 7>(V) \ 

called the incidence map, where "P(V) is the power set of V. We say that v G V is 
incident to e G £ if f G 7(e). A graph is a hypergraph for which no hyperedge is 
incident to more than two vertices. 
Let 

A := Hom(T,U(l)) 

be the weight lattice of T, which we think of as embedded in t* in the usual way. Let 
P(A) denote set of projective weights, the set of non-zero weights modulo scalar mul- 
tiplication. The elements of P(A) are in one-to-one correspondence with the codimension 
one subtori of T by the rule 

a G P(A) «-» ker(a ) C T 

where «o 6 A is a primitive representative of olq. We will generally be sloppy and write 
«o in place of &q. 

Definition 1. Let (V, £,I) be a hypergraph with finite V. An axial function is a 

surjective map 

a : £ -> P(A), e -> a(e) 

such that for each ao G P(A) the sets {7(e) |a(e) = «o} form a partition of V. We call 
(V, £, I, a) a GKM-hypergraph. 

Remark 1. The data defining a GKM-hypergraph is equivalent to 

• A finite set of vertices V 

• A partition of V for each projective weight in a G P(A). 

and we will sometimes construct GKM-hypergraphs by describing this equivalent data. 
3 Note that we do not insist that the incidence map is injective, which is often required of hypergraphs. 
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Denote by £ a ° = a 1 (ao) the inverse image of cto G P(A), so 

s= Y[ £ ao - (8) 

a £P(A) 

Remark 2. It is clear from (JHJ) that GKM-hypergraphs always have uncountably many 
hyperedges if the rank of T is greater than one. This differs from other definitions of 
GKM-graphs in the literature, which normally require the edge set to be finite. Our 
definition is not really a substantial departure from the literature in this respect, because 
in practice all but a finite number of hyperedges will be degenerate, meaning incident 
only to a single vertex. 

As indicated in the introduction, GKM-hypergraphs are designed to capture combi- 
natorial information about the one-skeletons of T-spaces. 

Definition 2. For any nice T-space X we associate a GKM-hypergraph Fx using the 
equivalent data of Remark [TJ The vertex set 

V = vr (X T ) 

equals the set of connected components of X T , and for each ceo £ P(A) the partition of V 
is determined by the equivalence relation 

if and only if V\ and Vi lie in the same connected component of X kcr ("°). The elements 
of £ a ° are in one-to-one correspondence with the connected components of X ker (°°) that 
contain fixed points and we will represent the vertices and spaces by the corresponding 
subspaces of X. 

A couple of examples of nice T-spaces to keep in mind are: 

Example 1. Let X be a non-singular, projective toric variety. Then X T is a finite set, 
^kcr(ao) j s a finite union of points and rational curves for each ceo G P(A), and T acts on 
each rational curve by rotation. The hypergraph V x a graph, with vertices V = X T and 
with (nondegenerate) edges corresponding to the rational curves. 

Example 2. A compact Lie group K acted on via conjugation by its maximal torus T. 
There is only one vertex, so all edges are degenerate. We call this the GKM-hypergraph 
with one vertex. 

Definition 3. A morphism of GfTM-hypergraphs, <p '■ (V, a) — >■ (V, £, I, a), is a 

map of sets 

<p:VUS ^VUS 
sending V to V and £ to £ and satisfying for every e G £ 

a (e) = a((f)(e)) and <f){I{e)) C /(0(e)). 

4 We will tend to denote vertices and hyperedges in upper case V, E when they are represented by 
spaces, and lower case v, e for abstract hypergraphs. 
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Proposition 2.1. The rule X h-> Tx extends to a functor from nice T-spaces to GKM- 
hypergraphs. 

Proof. If $ : X — > Y is a T-equivariant map of nice T-spaces, then the functorial mor- 
phism : T x — >■ Ty is induced as follows. 

The map $ restricts to a map X T — > Y T , inducing the map 

<t>\v ■ Vx ->■ Vy 

on connected components. Similarly $ restricts to maps X ker ^ — > y kcr ( Q o) f or Q , Q) 
inducing 

0|f«o : T x ->■ Ty 

on connected components. The condition <p(Ix{e)) C /y(0(e)) is a consequence of the 

fact that if xi,X2 G X T lie in the same connected component of X ker ( a °\ then $(xi) and 

$(aj 2 ) lie in the same component of y ker ( a o)_ □ 

Given a hypergraph (V, S, I), we define a topology on the union VUS, by the rule that 
5 C V U ^ is open if for every e G S fl £, we have /(e) C 5. This topology is generated 
by basic open sets 

U v := {v} 

for v G V and 

C/ e := {e} U /(e) 

for e G £. Observe that, counterintuitively, vertices are open points and hyperedges are 
closed points. 

GKM-hypergraph morphisms possess the following useful property. 

Proposition 2.2. Let : Y — > F be a morphism of GKM-hypergraphs . The preimage of 
any basic open set U x dt is a disconnected union of basic open sets: 

r\u x )= \\ Uy 

In particular, <fi : T — > T is a continuous map. 

Proof. This is clear for the singleton sets U v = {v } centered on vertices. For a hyperedge 
e G f, we have C/g = e U /(e). So we only need to show if 0(f) G /(e) then there exists 
e G T such that v G /(e) and 0(e) = e. 

By the partition condition on GKM-hypergraphs, there is a unique e G S such that 
o;(e) = o;(e) and v G /(e). Thus v = 0(f) G 0(/(e)) C /(0(e)) and since v G /(e) we 
deduce that 0(e) = e. 

□ 
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2.2 GKM-sheaves 

We begin with an abstract definition. 

Definition 4. Let J 7 be a sheaf of finitely generated, Z-graded A-modules over the un- 
derlying topological space of a GKM-hypergraph, T = (V,£,I,a). Then T is called a 
GKM-sheaf if the following conditions hold. 

• T is locally free over A (that is, for every x G V the stalk T(U X ) is a free A-module). 

• For all e G £, the restriction map res e : T(U e ) — > J- (1(e)) becomes an isomorphism 
upon inverting a(e): 

T(U e ) ® A A[a(e)- 1 } S ^(/(e)) ® A ^^(e)- 1 ] (9) 

• res e : T(U e ) — » T(I(e)) is an isomorphism for all but a finite number of e G S. 

We denote by Gi^M(r) the full subcategory of the category of sheaves of graded A- 
modules on T, whose objects are GKM-sheaves. 

Any nice T-space X determines a sheaf of graded A- algebras on Tx, denoted Tx, with 
stalks 

T X (U V ) = T X (V) = H*(V) 

at vertices and 

Tx(U E ) = Fx(E U 1(E)) = H* T (E)/Tor A (H* T (E)) 

at edges, where 

Tor A (M) := {m G M\ am = for some a G A \ {0}} 

denotes the torsion submodule of the A-module M. If i : V C i£ is a subset then 
the restriction map res^ : Tx(Ue) — >• J~x(Uv) induced by cohomology morphism i* : 
Hj,(E) -> Hj,(V). This is well defined because Hj,(V) is torsion-free so Tor A (H^(E)) C 
ker(i*). 

Proposition 2.3. If X is a nice T-space then Tx is a GKM sheaf. 

Proof. For any E G £, the restriction map res^ : Tx(Ue) —> F(I(E)) is identified with 
the map H^(E)/Tor A (H^(E)) -> H^(E T ) induced by the inclusion £ T C £7. Since the 
only isotropy algebra for E \ E T is (qe) ± C t, the Borel localization theorem (CQ) tells us 
that the kernel and cokernel of resE are a^-torsion. 

The finiteness condition follows easily from compactness of X. Local freeness of Tx 
is an immediate consequence of Lemma 12.41 □ 

Lemma 2.4. If X is a nice T-space and H C T is a codimension one subtorus, then 
H?p(X H ) is the direct sum of a free and a torsion A-module. If moreover, H^(X) is 
torsion-free, then H^(X H ) is free. 
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Proof. Let ao 6 A C t* be the character for which H is the kernel. Because H acts 
trivially on X H , H^(X H ) = H* /H (X H ) ® c[ao] A. Since C[a ] is a PID, the fundamental 
theorem of finitely generated modules over a PID implies that H^, H (X H ) (hence also 
H?p(X H )) is isomorphic to the sum of a free module and a torsion module. 

Furthermore, because H^, H {X H ) is graded Cfctoj-module, its torsion modules decom- 
poses into a direct sum of modules of the form 

ch/#o] 

for some positive integer n (up to degree shifts). Thus H^(X H ) is free if and only if it 
does not contain a summand isomorphic to A/a^A. 

Now assume that H^(X) is torsion free over A. Localizing at the prime ideal (ao) C A 
we have 

H T\. A )(a ) = 11 T {X J (ao ) 

by Borel localization. Localization is an exact functor so it preserves torsion-freeness 
and we infer that H^{X H )( ao ) is torsion free over A( ao ). It follows that H^(X H ) can not 
contain a summand of the form A/a^A, so we conclude that H^(X H ) is free over A. □ 

Notice that Tx is in fact a sheaf of A-algebras, so its set of global sections H°(Tx) is 
an v4-algebra. 

Recall from §1.11 the one-skeleton (Xi,X ) of a T-space X. 

Lemma 2.5. Let X be a nice T-space. The space of global sections H {Tx) fits into an 
exact sequence of A-modules 

-> H\F X ) A H*(X ) 4 H^X^Xoft+l). 
for which r is a homomomorphism of A- algebras. 

Proof. The map r is identified with the sheaf restriction map H°(J-x) —> 3~x{V) — 
H^(Xq), so r is certainly a homomorphism of algebras. 

Since Tx is locally free and the restriction maps resE '■ J^x^Ue) — > J-x(I{E)) are 
isomorphisms modulo torsion, they must be injective. Thus any element of J-x(V) extends 
in at most one way to each hyperedge and we deduce that r is injective. 

It remains to show that im(r) = ker(d). Decomposing cohomology into connected 
components we have an isomorphism 

H* T (X ) = H*(V) 

and 

H* T {X U X Q ) - (0#;(£,£ T )) ®H*(X[) 
Ee£ 

where X[ is the union of components of X± that do not intersect X . Clearly the projection 
of d onto Hj.(X[) is zero, so ker(d) = ker(d') where d' is the block decomposition 
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d':Q)H^V)^Q)H* +1 (E,E T ). (10) 

VeV Ees 

with matrix blocks d' E v , such that d' E v = when V % E, and when V ^ E the diagram 

H}(V) 

(IV, 




H^(E 



commutes, where 5 is the boundary map of the pair (E, E T ) and i is inclusion as a 
summand. 

Thus (ay) G ©y gV Hj,(V) lies in ker(d') if and only if for all E G £, 

= J2 d kvM = Yl d E,vM = 5(J2 L M)- ( 12 ) 

vev vce vce 

By the long exact sequence of the pair (E, E T ), ( fl2|) holds if and only if J2vce t L ( a v) £ 
H^(E T ) lies in the image of H^,(E) — >■ H^(E T ) and this is equal to the image of res^ : 
Fx(Ue) — > J 7 (1(E)). Thus ker(d') corresponds to those sections J-"(V) that can extend to 
every hyperedge and we conclude that im(r) = ker(d') = ker(d). 

□ 

Recall the filtration Xq C X\ C ... C X r = X described in §1.11 This filtration 
is preserved by T, so it determines a spectral sequence (E^ q , d r ) converging to H^(X) 
(see [FP07| ). The first page of the spectral sequence satisfies 

E^ = H^(X P ,X P ^) 

and d±' q : E\' q — > Ef + ' q equals the coboundary operator of the triple (X p+ \, X p , X p _i). 
Thus H°(Tx) computes the column E®'*. 

Theorem 2.6. Let X be a nice T-space. There is a natural short exact sequence of graded 
A-algebras, 

Tor A (H*(X)) -> H*(X) ^ H°(F X ) -)• Q(X), 

where Q(X) is an A-module with support in codimension > 2. //X is equivariantly 
formal, then ip is an isomorphism 

H* T (X) 4 #°(Jx)- 

Proof. First, note that H°(J-x) is torsion free, so Tota(H^(X)) C ker(?/>). Next, observe 
that because the spectral sequence E^' 9 converges to H^(X), then ker (■?/>) admits a finite 
filtration whose associated graded object is isomorphic to a subquotient of the A-module 
Q) p=1 Ht(X p , X p _i), which is a torsion module by the localization theorem We deduce 
that ker(ip) is torsion and that ker(ip) = TorA(H^(X)). 
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Similarly, an associated graded version of cok(^) is equal to 

r 
p=2 

which is a subquotient of ^ r p=2 H^(X p , X p _i), which by the localization theorem has 
support in codimension two. 

If X is equivariantly formal, then the Chang- Skjelbred Lemma says that ip is an 
isomorphism. □ 

Both of the following example are equivariantly formal, so Theorem 12 . 6 1 holds for them. 

Example 3. The GKM-sheaf of a toric variety has stalks J-x(U x ) = H^(pt) = A when 
x is a vertex or degenerate edge, and J-x(U e ) = H^(S 2 ) = A © A[2] as and A-module, 
when e is a nondegenerate edge. We use the grading shift convention M[d]* = M*~ d . 
The restriction map at a nondegenerate edge is the map from J-x(U e ) = A © A[2] to 
F x {I(e)) = A © A defined by the matrix 

( 1 a(e) \ 

V 1 -«( e ) J ' 

Example 4. The GKM-sheaf of a compact, connected Lie group K with T a maximal 
torus has one vertex with stalk J-k(U v ) = H^{T) = /\ t* ©c A. For a(e) a root of K, the 
stalk equals 

JF K>e = H* T {K H ) = ((Af)*) ®A) © (a(e)(Afj*) ©a(e)A), 

where if = ker(a(e)) and f) = Lie(H) © C. For all other values of a(e), J-K(U e ) = 
J~k(U v ) = At* © A. The restriction map is the obvious inclusion for all edges. 

There is another description of the global sections that will prove useful. For each 
a G P(A), denote be i* ao the restriction map from jF{V U £ a °) to -^(V). Note that by 
the finiteness condition in Definition SJ i* ao is an isomorphism for all but a finite set of 
a G P(A). 

Lemma 2.7. The restriction map i* : if (J 7 ) — > J-'iV) is injective, with image 

im(i*)= f| im(z; o ). (13) 

ao€P(A) 

Proof. Because J 7 is locally free, ^(V) is a free A-module and H°(J-) is a torsion-free 
A-module. This implies that i* is injective or equivalently, that any section ^(V) extends 
in at most one way to ^(r) = if°(J r ). Both sides of ffl3|) equal the set of sections in ^(V) 
that extend to global sections. □ 
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2.3 Operations on GKM sheaves 
2.3.1 Pushforwards 

Recall that for a continuous map / : X — > Y and a sheaf T on X, that the pushforward 
sheaf f*(T) is defined by the rule f*(T)(U) = T(f^ 1 (U)) for open sets U C Y. 

Proposition 2.8. Let f : V —> T be a morphism of GKM-hypergraphs and T a GKM- 
sheaf over T. The push-forward sheaf, f*(T), is a GKM-sheaf over V satisfying 

H°(T) = H°(f>(T)). (14) 

Proof. For any t/GTwe have by Proposition 12.21 that 

f*(J 7 )(Uy)= Q JF{U X ) 

which is a direct sum of free modules, hence free. By the same proposition, for a hyperedge 
e G T, the restriction map resg : f*(T)(Ue) — > f*(T)(I(e)) is identified with the direct 
sum of maps 

(res e : T(U e ) -+ T(I(e))) 

which is an isomorphism modulo a(e) and is an isomorphism for all but finitely many 
e G f. 

Equation ( Fl4|) holds simply by the definition of the pushforward sheaf. □ 

Proposition 2.9. For any GKM-hypergraph morphism <ft : r x — > T 2 i/ie pushforward 0* 
o/ sheaves defines a functor 0* : G-ft'M(r 1 ) i— >■ GiTM(r 2 ). 

Proof. This follows from the fact that push-forward is a functor for sheaves of A-modules. 

□ 

The assignment X > Tx is functorial in the following sense. 

Proposition 2.10. Let $ : X -^-Y be a T-equivariant map between nice T-spaces and let 
cf) : Fx — > Ty be the induced morphism of GKM-hypergraphs. There is a natural morphism 
h : Ty — > <fi*{Tx) for which the following diagram commutes 

H^(Y) >■ H*(X) 

I (15) 
H°(T Y ) ^^H°(MJ r x)) = H\T X ) 

where the vertical arrows come from Theorem \2.b\ 

Proof. A T-equivariant map $ : X — > Y restricts to a map of the pairs (Xi, Xq) — y 
(Yi,Yq). By Lemma [2.5[ there is an induced map I : H°(Ty) —> H°(Tx) which fits into 
the commutative diagram in place of H°(h). It remains to find a GKM-sheaf morphism 
h : Ty -> 4>*(Tx) such that H°(h) = I. 
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If V is a connected component of Yq = Y T representing a vertex of Ty, then at the 
level of stalks we have 

F Y {Uy) = H*(V) -> H*(V) = M^xWy) 

is the direct sum of maps H^(V) — > H^(V) induced by the restriction of $. The morphism 
is defined at the stalk of hyperedges similarly, but using components of y kcr ( Q o) anc [ 
^ker(« ) This sheaf morphism is natural with respect to the block decomposition from 
the proof of Lemma 12 .5[ so H (h) = I. □ 

2.3.2 Group actions and induction 

Definition 5. We say that a finite group G acts on a GKM-hypergraph T = (V, £, I, a) 
if G acts on both V and £, in such a way that / is equivariant and a is invariant. We 
denote by GKM{T)g the category of equivariant GKM-sheaves. 

Proposition 2.11. Suppose that a finite group G acts on a GKM-hypergraph V = (V, £, I, a). 

Then the quotient 

T/G= (V/G,£/G,I,a) 
is a GKM-hypergraph under the induced maps I and a, and the quotient map 

7T : T ->■ T/G 

is a morphism of GKM-hypergraphs. 

Proof. To see that (V/G,£/G,I,a) is GKM, we must confirm that if ei,e2 G £ satisfy 
a(ei) = afa), then I(G ■ ei) fl I{G ■ e 2 ) ^ implies G • e± = G ■ e 2 - 
By definition 

I(G-e 1 )=\Jl(g-e 1 ). (16) 

geG 

Because the sets {J(e)|e G £, a(e) = a(ei)} form a partition, [J g£G I(g • ei) intersects 
U 5 gG 1(9 ' e2 ) on ^y if g ■ ei = h ■ e 2 for some g,h G G, so we conclude that G ■ ei = G ■ e 2 . 
The fact that 7r is a GKM-morphism is clear from ffTBI) . □ 

For any J 7 G GKM(Y)q the pushforward ^(J 7 ) is a sheaf of CG <E> A modules, so we 
may decompose into G-isotypical components 

indexed by the set G of irreducible G- representations, where for an open set U C T/G 
**{F) X {U) := 7r,(JT)(C/)x c± x ® c Hom G . rep ( X ,rr^)(U)). 

Lemma 2.12. For each \ G G, £/ie isotypical component 7r*(J-') x zs a GKM-sheaf over 
T/G and there is a natural isomorphism 

H%FY = #°(vr*(^) x )- 
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Proof. Everything follows easily from the fact that summands of free A-modules are free 
A-modules and that G-equivariant maps respect isotypical components. □ 

An important special case of Lemma \2. 121 is the G- invariant subsheaf which we denote 

Lemma 2.13. Let G be a finite group and let X be a nice G x T -space so that X/G 
is a nice T-space. Then Tx inherits a G-action and there is a natural isomorphism of 
GKM-sheaves 

Proof. This follows pretty directly from the fact that H^((X/G) T ) £ H^((X T )/G) S 
H?p(X T ) G and similarly for codimension one subtori H C T. □ 

We are now in a position to define the induction functor for equivariant GKM-sheaves. 
Given a GKM-hypergraph T = (V,S,I,a) and a finite group action G, we may form a 
G-equivariant GKM-graph denoted by 

G xT = (G xV,G x 8,1', a'), 

where I'(g,e) = {g} x /(e) and a'((g,e)) = a(e). 

If T already possesses an if -action and <fi : H — > G is a homomorphism, then G xY 
acquires a G x //-action, with the G factor acting as before and H acting by h ■ (g, x) = 
(g<fi(h~ l ), h ■ x). We denote the quotient GKM-hypergraph 

G x H Y := (G x T)/H 

which inherits a G-action. 

Consider now the diagram of GKM-hypergraph morphisms 

G x r 




r G Xtf r 



where p is projection onto the T factor and q is the orbit space quotient map. For a 
GKM-sheaf T G GKM{T) we construct a new sheaf Ind^JF) over G x H T as 

Ind G H {7) := {q*(p\F))) H - 

Note that /nc?^(J r ) depends on the homomorphism </> : H — > G even though it has been 
suppressed in the notation. 

Theorem 2.14. The above operation on GKM-sheaves determines a functor, called the 
induction functor, 

Ind% : GKM(T) H h-> GKM(G x H T) G . 
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Proof. Functoriality and G-equivariance follow from standard sheaf theory. The only 
thing to verify is that Ind^^F) is GKM. The GKM-hypergraph G x T is simply a discon- 
nected union of a finite number of copies of F and on each copy the restriction of p*(F) is 
isomorphic to J 7 , so p*(F) is a GKM-sheaf. Thus (q*(p* (J 7 ))) 11 is also GKM by Lemma 
[2321 and Proposition E3J □ 

The above construction can be modelled at the level of spaces in the following way 
Let if be a finite group and let X be a H x T-space. For any homomorphism of finite 
groups H — > G, one may form the "mixed quotient" space G Xh X equipped with an 
action by G x T in analogy with the above construction of G x^ V . 

Proposition 2.15. There is a natural isomorphism Ind H (J-'x) — J^GxhX- 

Proof. The equality follows without difficulty from the isomorphisms H^((G Xh X) T ) = 
H^(G x X T ) H and similarly for codimension one subtori of T. □ 

Proposition 2.16. Let G± — > G2 — > G 3 be a diagram of homomorphisms of finite groups 
and let T be G\-equivariant GKM-hypergraph. There is a natural equivalence of functors 

Indal ~ Ind Gl Ind c\ 
over G 3 x Gl T = G 3 x G , 2 xG 2 x Gl Y. 
Proof. Consider the commutative diagram: 

Ga x G 2 x T 



Go x r 



Go x 




G 3 x G 2 x Gl r 



(18) 



G, x 



Gi 



To prove the result, it suffices to show that j*h* and g*f* are naturally isomorphic as 
functors from GKM(G 2 x T) to GKM(G 3 xG 2 x Gl T). 

Let V = G 2 x T. As a graph G 3 x T'/Gi is a disconnected union of copies of V /G\. 
For any T G GKM(T'), the restrictions of j*h^(J r ) and g*f*(F) to each copy of V are 
canonically isomorphic to /i*(J r ), so j*h* and g*f* are naturally isomorphic. □ 

The following concrete description of the stalks of Ind^^J 7 ) is useful. 

Lemma 2.17. Let V be a GKM-hypergraph with H -action, let T e GKM{T)h and let 
H —7- G be a homomorphism of finite groups. For x G V a vertex or a hyperedge and 
g eG, we have a natural isomorphism of stalks Ind^T)^^^)]) = J-(U X ) x such that if 
e G T is an edge and v G 1(e) is an incident vertex then 



Ind H (F)(U [M] ) 



Ind G H {JF){U [{g , 



(19) 



commutes, where the vertical arrows are sheaf restriction maps. 
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Proof. Consider the diagram r x T — > G x H T. By Proposition 12. 2\ the g-preimage 
of a basic open set U\g jX ] is a disconnected union of basic open sets: 

'/ l (u [g , x] ) = II 

2/e? _1 ([s,s]) 

By definition 

Ind G H {T){U [gM ) = ( U p*(U y )) H = p*(T)(U ia , x) )) H * = T(U X ) H * 

2/£? _1 ([fl^]) 

and these isomorphisms respect restriction maps. □ 
2.3.3 Exterior product 

The next operation is designed to model the operation of cartesian product for T-spaces. 

Definition 6. For i = 1,2, let Tj = (Vj, Si, Ii, aj) be GKM-hypergraphs. The product 
GKM-hypergraph is the GKM-hypergraph Ti x r 2 = (V,S,I, a) defined by 

• V = Vi x V 2 , 

• S = {(ei,e 2 ) G S x x £ 2 |ati(ei) = a 2 (e 2 )}, 

• I — Ii x /2U anc ^ 

• a((ei,e 2 )) = ai(ei) = a 2 (e 2 ). 

Remark 3. Notice that the projection maps 7Tj : I\ x T 2 — > Ti are GKM-morphisms. 

Despite the fact that GKM-sheaves are not preserved under pullbacks or interior prod- 
uct, they are preserved the following operation formed by composing these two. 

Proposition 2.18. Let T be a GKM-sheaf on Tj for i = 1,2. The exterior product 

JiB T 2 := ttJOFi) <8U tt*(.F 2 ) 

a GKM sheaf on V = I\ x T 2 . 

Proof. The finiteness and locally free conditions clearly hold. It remains to prove that for 
any e G S, 

res e : (Ji <g> T 2 ){U e ) ->• (Ji ® .Fa) (1(e)) 

is an isomorphism modulo a(e). If e = (ei,e 2 ) then by definition, this map can be 
identified with 

res ei <g> res e2 : Ti(U ei ) <g> T 2 (U e2 ) ->■ 7"i(I(ei)) <g> T 2 (I(e 2 )) 

and res ei is an isomorphism modulo a(e) = Oij(ej) for z = 1,2. These tensor products 
commute with tensor product by A[a(e) _1 ] so the result follows. □ 
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Proposition 2.19. Suppose that X and Y are nice T-spaces and that both H^(X ker ^ a °^) 
and H^(Y kei(a °)) are free A-modules for all a G P(A) (this holds if H^X) are H}(Y) 
are torsion free by Lemma 2-4 )- Then 

for the diagonal T-action on X x Y . 

Proof. It is evident that (X x Y) T = X T x Y T and that X kcr (°°) x Y ke < a ^ = (x x y) kcr K) 
for all cto G P(A), so the corresponding equalities on connected components produces an 
isomorphism of GKM graphs Tx x Ty = Txxy- 

The isomorphism of sheaves is defined through the Kunneth morphisms 

H^(X T ) ® A H?p(Y T ) -> H^(X T x Y T ) (20) 
which is an isomorphism for trivial actions and 

k : H* (X ker(Qo) ) ® A H^(Y kcr{ao) ) = H^({X x Y) kct{ao) ) (21) 

which is also an isomorphism by the following argument. 

First observe that the Borel localization theorem implies that [21] is an isomorphism 
after tensoring by the quotient field of A. Since we are assuming the left-hand side is a 
free A-module, this means that k is injective. So it suffices to prove that the dimension 
over C of H^(X kcr ^) ® A if* (F ker (°°)) is greater than or equal to H${(X x F) ker («o)) in 
every degree. 

The assumption that if^(X fcer ( a °)) is a free A-module implies (by a simple Eilenberg- 
Moore spectral sequence argument) that 

#*(X fcer(Qo) ) = H*(X ker{ao) ) <g> A 

as a graded A-module, and similarly for Y ker ^ a °\ Thus 

#* (X kcr(ao) ) ® A H^{Y kcr{ao) ) = H*((X x Y) kci{aa) ) <g> A 

where we have used the Kunneth isomorphism H*(X ker ^) ® c H*(Y kcr ^) = H*((X x 
y)ker( ao ))_ The classifying map ETxr(Xxy) — > BT determines a Serre spectral sequence 

H*((X x Y) kci{ao) ) ®A^ H*((X x r) kcr (»o)) 

and this implies that in every degree the dimension of the left side is greater or equal to 
the right side. □ 

Proposition 2.20. Suppose that T\ and Ti are GKM-sheaves. Then the kernel and 
cokernel of the natural map 

: #°(JFi) ® A H°(F 2 ) -> #°(JFi B F 2 ) (22) 

are torsion with support in codimension greater than one. If additionally H Q (J-k) is free 
over A for k = 1,2, then <p is an isomorphism. 
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Proof. We use Lemma 12.71 to describe the global sections functor. Let 

denote the restriction map and let A C P(A) be the finite set of ao for which i* k ao is 
nonzero for either k = 1,2. The map ( 1221) is equivalent to the functorial map 

v> ■ ( n im ^u) ® ( n im (*2,a )) -+ n 

aoSA ao6A aoGA 

Our hypotheses imply that i* o is an injective map between free A-modules and that i* o 
becomes an isomorphism after localizing to the hyperplane (ao)" 1 Ct. If A has cardinality 
one, then ip is an isomorphism because everything is free. Since localization commutes 
with tensor products and finite intersections ( [Eis95] §2.2), we deduce that if x G t is 
annihilated by no more than one element of A, then the localization of ip at x is an 
isomorphism. Consequently, the support of both ker(-0) and cok(-0) must lie in the union 
of codimension two planes (c(q) ± H (tti)" 1 where ao and a± vary over distinct elements of 
A. 

Now suppose that is a free ^-module for k = 1, 2 and let M and N denote the 

source and target of ip respectively. Then M is free, so M = A d for some non-negative 
intger d (ignoring the grading). Because ker (■0) is torsion submodule of M, it must be 
zero and we have a short exact sequence 

-> M % N cok(^) -»■ 0. (23) 

Now suppose for the sake of contradiction that cok(^) is nonzero. By the theory of 
associated primes ( |Eis95] . §3.1) there exists some nonzero y G cok(^) for which the 
annihilator ann(y) = {a G A\ay = 0} is a prime ideal. By the result on the support of 
cok(^), there must exist distinct elements ao,«i G A fl ann(y). We apply the functor 
Tor* (A/aoA — ) to (!23|) . We know is torsion free because it injects into (^4 n )® m ; so we 
obtain an exact sequence 

Tori(A/a o A,cok(0)) -»■ (A/a ^) d 

where y G Tori(74/aoA, cok^)) = {z G cok(^)|ao-2 = 0}. This implies that (A/aoA) d 
contains a nonzero element annihilated by cui which is a contradiction. Thus cok(^) = 
and t/> is an isomorphism. □ 

2.3.4 Convolution product 

Suppose now that T is a GKM-hypergraph equipped with the action of an abelian group G 
which is free and transitive on the set of vertices. Then TxT inherits &GxG action and we 
may take the quotient (r x Y)/G by the antidiagonal subgroup {(g, — g)\g G G}. Observe 
that this is kernel of the multiplication Mult : G x G — ^ G, which is a homomorphism 
because G is abelian. 

Lemma 2.21. There is an isomorphism of GKM-hypergraphs 

: r = (r x T)/G, 
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which is canonically defined up to a choice of base vertex in Y. Moreover, is G- 
equivariant for the residual G-action on (Y x Y)/G. 

Proof. Let Y = (V,£,I,a). Choose a base vertex v* G V. The GKM conditions ensure 
that for each «o G P(A) there exists a unique hyperedge e Qo G £ a ° with t>* G /(e Qo ). Define 
a morphism : r — > (Y x r)/G by 0(f) = [(f*,f)] for all v G V and 0(e) = [(e a ( e ),e)] 
for all e G £ (where [x] means the G-orbit containing x). It is easy to see that is a 
GKM-hypergraph morphism. We claim that it is an isomorphism. 

Notice that every G-orbit in V x V passes exactly once through {i;*} x V, so the 
restriction of to V is a bijection. Since S a ° describes a partition of V, to prove that 
restricts to a bijection between hyper-edges, it suffices to prove that S a ° and (S a ° x S a °)/ G 
have the same cardinality. 

Because G acts transitively on V, it also acts transitively on S a °. Because G is abelian 
the stabilizer G eaQ is the common stabilizer of all hyperedges in S a ° and thus also the com- 
mon stabilizer of all elements in £ a ° x S a ° under the anti-diagonal action. Consequently 
by the orbit-stabilizer theorem, we have 

| (£ao x g <*>yQ\ = |£a x S ao \/\£ ao \ = \£ a °\ 
completing the proof. □ 

Definition 7. Let n : YxY — >■ (YxY)/G = Ybe the quotient map and let Mult : GxG 
G be the multiplication homomorphism. Given two G-equivariant Gi^M-sheaves T and 
Q G GKM(Y)g, we define the convolution product J 7 * Q G GKM(Y) G by 

Lemma 2.22. Let Y and G be as above and let J 7 , Q G GKM(Y)q. For basic open sets 
U x C r there are natural isomorphisms 

(J r *G)(U v ) = T(U v ) ® A G(U V ) 

at vertices v and 

(J 7 * G){U e ) = (T(U e ) ® A G(U e )f° 
at edges e, where G e is the stabilizer of e under the G-action. 

Proof. This follows directly from Lemma 12.171 □ 

The convolution product can be produced at the level of spaces in the following way. 
Suppose that we have two good T-spaces X and Y, each equipped with G-actions com- 
muting with T, for which the GKM graphs Yx and Yy are G-equivariantly isomorphic. 
If G is abelian and acts freely and transitively on vertices then it is possible to form the 
mixed quotient (X x G Y) = X xY/ ~, where ~ is the relation (gx, y) = (x, gy). (X x G Y) 
inherits a residual G-action and diagonal T-action. 

Proposition 2.23. If Tx and Ty are locally free, then J 7 (xxY)/g — Fx * 3~y- 

Proof. This follows from Propositions 12.151 and 12.201 □ 

Proposition 2.24. Let J 7 , Q G (GKM(Y) G , *). // H° (J 7 ) and H°(G) are free over A, 
then the isotypical components satisfy H ^ * G) x = -f^ (J r ) x ®a H°(G) x . 

Proof. This follows from the equivariance of the Proposition l2.20l for exterior products. □ 



19 



2.3.5 The functors commute 

Lemma 2.25. Fori = 1,2 let Fj be a GKM-hypergraph with an action by a abelian group 
Gi which is free and transitive on vertices. The exterior tensor product determines a 
functor 

® : GKM{Y x ) Gl x GKM{T 2 ) G2 GKM(T 1 x r 2 ) GlxG2 , 
for which there are natural isomorphisms 

{F x * g x ) m {j 2 * g 2 ) = ( t x b f 2 ) * (g x B g 2 ) (24) 

forTi^ieShirS™- 

Proof. First notice that the product operation of graphs is associative and commutative, 
so (T x x Ti) x (r 2 x r 2 ) is naturally isomorphic to (ri x T 2 ) x (r\ x T 2 ). Then each side 
of ( I24p is an invariant pushforward of the naturally isomorphic GKM-sheaves (J- x MQi) S 

{F 2 mg 2 ) =• (7iKj- 2 ) ®(g x ®g 2 ). □ 

Proposition 2.26. For i — 1,2 let Tj be a GKM-hypergraph equipped with an action by a 
finite group Hi and let Hi — » Gi be a homomorphism of finite groups. If Ti G GKM{Ti) 
then there is a natural isomorphism 

Ind%\{F x ) ® Ind%(JF 2 ) Ind G H \ xG H \(F x B ^ 2 ). 

Proo/. We construct the isomorphism : Ind^{T x ) IE Ind%{T 2 ) -> Ind%\*%{F x M J= 2 ) 
as follows. 

Using the identifications of Lemma l2.22l is defined over the basic open set ^[fei^xfe,^) 
to be the natural map 



which is an isomorphism because the J-i(U Xi ) are free A-modules. The naturality of the 
identifications in Lemma 12.221 allows us glue together these local isomorphisms into an 
isomorphism of sheaves. □ 

Proposition 2.27. Let T be GKM-graph equipped with a transitive and vertex-free action 
by a finite abelian group H , and let <ft : H — > G be a homomorphism of finite abelian 
groups. Then the induced G-action on G x# T is transitive and vertex-free, and the 
induction functor Ind^ : GKM{T) i— > GKM{G x^T) respects the convolution product, 

Ind G H {J= *G) = Ind%(F) * Ind%(g) 

Proof. This may be deduced from Propositions 12. 161 and 12 .261 using the sequence of natural 
isomorphisms 

Ind%(F) * Ind G H (g) =■ lnd% xG {Ind G u 7 H Ind G H g) = Ind% xG {Ind G I xG H {J : H £)) 

=■ Ind G (Ind^ IxH (J r M g)) = Ind%{F * Q) 

□ 
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2.4 Twisted actions 



Let W be a finite group. Given a torus T a twist is a homomorphism 

r : W ->■ Aut(T), w r w . 

In all examples we consider, will be a Weyl group acting in the standard way on T. A 
twist induces actions of W on P(A) and on A = S(t*) which we also denote by r. 

Given a twist r, a r-twisted action of W on a T-space X is a map p : W x X — > X 
such that 

p(w)(t • X) = T w (t) ■ p(x). 

A r-twisted action on a GKM-hypergraph T = (V, £ , I, a) consists of ^-actions 
on the sets V, £ , which are equivariant with respect to I and a : £ — > P(A). This differs 
from an ordinary GKM-action, because we allow W to act nontrivially on P(A). Clearly 
a twisted action on a T-space X induces one on T X - 

A r-twisted W-action on a GKM sheaf T over T is a lift of a r-twisted action 
p of W on T to an action p of W on J 7 as a sheaf of Z-graded abelian groups, satisfying 
the identity p w (fs) = r w (f)p w (s) for all w G W, f G A = S(V) and sections s of T . A 
twisted action on a T-space X induces one on Tx in the obvious way. 

A twisted action on J 7 determines a decomposition of if (J 7 ) into ly-isotypical com- 
ponents, which are modules over the ring of jy-invariants A w . Particularly interesting is 
the W-invariant summand if°(J r ) M/ . 

Let K be a compact Lie group with maximal torus T such that the normalizer Nk{T) 
intersects every component of K, and let X be a nice K-space. Restricting to the action of 
T, we may associate a GKM-hypergraph Fx and GKM-sheaf Tx- Since the one-skeleton 
(Xi, Xq) is preserved by N K (T), we gain a twisted action of W = N K {T)/T on T x lifting 
to Tx- The following proposition is a straight forward consequence of Theorem 12.61 and 
the isomorphism H* K (X) = H^(X) W . 

Proposition 2.28. There is a natural morphism <p : H^(X) — > H°(J-x) of graded A w - 
algebras, with kernel and cokernel supported in codimension at least two in Spec(A w ) = 
t/W . In the event that X is equivariantly formal, <fi is an isomorphism. 

2.5 Examples 

2.5.1 Monodromy sheaves 

So far every example of a GKM-sheaf has come from a T-space. Now we provide a 
construction of GKM-sheaves using combinatorial and algebraic data. Let T be a GKM- 
graph with a finite number of non-degenerate edges. Let £ nd C £ denote the set of 
nondegenerate edges. For the sake of convenience we choose an orientation for each 
e G £ nd . That is, we choose source and target maps s,t : £ nd — > V, such that /(e) = 
{s(e),t(e)}. A local system on T consists of a (finitely generated, Z-graded) free A- 
module M called the fibre and a map p : £ nd — > Aut(M). 

Definition 8. The monodromy GKM-sheaf associated to the local system (r, M, p) 
is the GKM-sheaf 7 = T p with stalks F{U V ) = M at vertices, J"(C/ e ) = M © M [2] at 
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edges and restriction maps F{U e ) = M © M [2] r 4 e M © M = F{U s{e) ) © F{U t{e) ) by the 
matrix 

reSe:= (p(e) -^e)p(e)) (25) 

where we have abusively used a(e) to denote a generator of the projective weight a(e) G 
P(A). 

This construction produces a GKM-sheaf because the matrix (|25p becomes invertible 
after inverting a(e). 

Example 5. The traditional GKM-manifolds of [GZOO] provide the simplest example of a 
monodromy sheaf. In this case the fibre M = A and all the automorphisms p(e) G Aut(A) 
are the identity. 



2.5.2 GKM manifolds with non-isolated fixed points 

We now consider a class of T-manifolds introduced by Guillemin-Holm [GHQ4] in the 
context of Hamiltonian actions on symplectic manifolds. By our definition, a GKM 
manifold with nonisolated fixed points is a closed T-manifold X, all of whose fixed 
point components are homeomorphic to a fixed reference space F, with GKM-graph Fx = 
(V,S,I,a) such that for each nondegenerate edge E with (necessarily distinct) vertices 
V s , V t , there exists a commutative diagram: 

is it 

where ir s and TT t are T-equivariant S" 2 -fibre bundles for which the inclusions i s and i t are 
sections. 

Proposition 2.29. If T p is the monodromy GKM-sheaf on T with fibre H^(F) = H^(V) 
and p(E) = (n s o i t )* then T p = T x . 

Proof. The isomorphisms F p (Uy) = H^(F) = J-xiUy) at vertices is clear from the defi- 
nition. The isomorphism 

7 P {U E ) = H*(F) © H*(F)[2] S H*(E) = 7 X {U E ) 

follows from the Thorn isomorphism for the sphere bundle n s : E — > V s = F. That the 
restriction maps match up is an easy exercise. □ 

Notice that traditional GKM-manifolds are the special case that F is a point and the 
local system is necessarily trivial. The examples studied by Guillemin and Holm |GH04] 
also determine trivial local systems. In we show that for regular value c G K, the 
representation variety 7£^(c) is a GKM-manifold with nonisolated fixed points, and that 
F-r} {c) is a monodromy sheaf with non-trivial monodromy in general. 
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2.5.3 Pure T-sheaves 



In [BM01] Braden-MacPherson introduce the notion of a pure T-sheaf AA over a mo- 
ment graph. They also show that in many interesting cases, the intersection cohomology 
IH^(X) of a T-equivariant complex variety is equal to the global sections H°(M) of a 
pure T-sheaf Ai associated to X. 

Proposition 2.30. To any pure V -sheaf Ai there is a canonically associated GKM-sheaf 
AM such that H°(M) = H°(A4'). 

In our framework, a moment graph is essentially the same thing as a GKM-graph 
(y,S,I,a) with only a finite number of non-degenerate edges £ nd C £, and an ordering 
1(e) = {v s ,Vt} for e £ £ nd subject to some constraints. A T-sheaf Ai consists of A- 
modules Ai(v) for each vertex and Ai(e) for each e £ £ nd and a homomorphism p VjE : 
A4(v) — > Ai(e) for every pair {(v,e) £ V x £ nd \v £ /(e)}. The module of global sections 

H°(M) = (K) £ M(x)\ p v , e (m v ) = m e Vp„, e } 
xevu£ nd 

Remark 4. It is explained in [BM01J that the data defining a T-sheaf is equivalent to a 
sheaf of A-modules over V U £ in the topology dual to the one we use, in the sense that 
their closed sets are equal to our open sets and vice-versa. 

A T-sheaf is called pure if M.(v) is free for all v £ V and if for every edge e £ £ nd 
with 1(e) = {v s ,v t } satisfies, M(e) = M(v s )/a(e)M(v s ) with 

Pv 8 ,e ■ M(v s ) M(e) = M(v s )/a(e)M(v s ) 

the projection, plus some additional constraints. 

Proof of Proposition \2.3(K Let M. be a pure T-sheaf. Define a new sheaf of A-modules 
M by 

• M'({v}) = M'(U V ) = M(v) for all v £ V, 

• for all e £ £ nd the stalk Ai'(U e ) and restriction map res e are defined by the short 
exact sequence 

M'(U e ) T 4 e M(v s ) @M(v t ) p " s ^' e M(e) -> 0, (26) 

• for all degenerate edges e £ £ \ £ nd , M.'(e) = M.'(I(e)) with res e the identity map. 

It is pretty clear that Ai' is a sheaf, res e is an isomorphism modulo a(e) for all e £ £. 
Both if°(A / l) and H°(J\A') inject into ©„ eV -^(' i; ) by projection, and the short exact 
sequence f )26|) ensures that they have the same image, so H°(Ai) = H°(Ai'). 

It remains to show that Ai'(U e ) is a free A-module for every e £ £ nd . Because A^(v s ) 
and M.(v t ) are projective, pt, Sje + p Vue lifts to a map / : Ai(v s ) © M.(v t ) —> M.(v s ) 
and / admits a section. Thus ker(/) = Ai(v t ) and A^'(f/ e ) fits into an exact sequence 
->■ ker(/) ->■ A^'(^e) ->■ «(e)A^(f s ) ->■ which must also split so 

M'(U e ) <=*M{v t )@ a(e)M(v s ) 

is free. □ 
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2.5.4 Mutants of compactified representations 



These are examples of closed T-manifolds introduced by Franz and Puppe |FP08] whose 
equivariant cohomology is torsion-free but not free over A. There are three examples: 
Z r , r = 2,4,8 with action by T = (U(l)) r+l , whose construction makes use of the Hopf 
fibration S ,r ~ 1 — > S 2r ~ l — > S r . Franz and Puppe prove that as graded ^-modules 

H*(Z r ) = A © m[r - 1] © A[2r + 2] © A[3r + 1] 

where m is the augmentation ideal of A. 

The GKM-sheaf Tz r is easily determined from the description of Z r in [FP08J , which we 
do not reproduce it here. The GKM-hypergraph V z r consists of two vertices and r + 1 non- 
degenerate edges labelled by distinct weights ao, a r which form a basis of t*. The GKM- 
sheaf Tz r is the trivial monodromy sheaf with fibres M := H*(S r ~ 1 ) © A = A © A[r — 1]. 
It follows that the global sections of Tz T may be identified with the image of the matrix 

1 / 
1 "/ 

in M © M, where / = nj=o a * nas degree 2(r + 1). Thus 

H°(7zr) — A® A[r - 1] © A[2r + 2] © A[3r + 1]. 
This example shows that H°(J-x) ma y De a f ree A-module even when H^(X) is not. 



2.5.5 Equivariant de Rham theory and graphs 

Given a GKM-graph T, consider the trivial monodromy sheaf J 7 over V with fibre A. The 
cohomology of the graph HxiT) is defined to equal H ^). It is interesting to ask 
under what circumstances Ht(T) is a free /1-module and what its Betti numbers are. 

In a series of papers, |GZ001[GZ0lUGZ03] Guillemin and Zara translated concepts 
from Hamiltonian actions on symplectic manifolds to GKM-theory, motivated in part by 
these questions. They a define the notion of moment map on a GKM-graph T, define 
the reduction T / / S 1 with respect to such a moment map and prove a version of Kirwan 
surjectivity n : H T (T) — > H T / s i(T / / S 1 ). 

In certain circumstances, the reduction T / / S 1 is a a GKM-/i?/£>ergraph but not a graph 
and in this situation, addressed in |GZ0 3j. the arguments become rather technical. We 
believe the reduction process could be more clearly understood in our framework (we do 
not pursue this in this paper). For example the definition of Ht{T '/ / 'S 1 ) "by duality" 
is a strong hint that our topology, which is dual to the more obvious one in Braden- 
MacPherson [BMOlj may be important (see Remark H]). Also, the locality of Ht{T) 
would become manifest if it were defined as the global sections of a GKM-sheaf. 



3 Representation varieties for a punctured surface 

It will be useful to introduce a larger class of representation varieties than those defined 
in the introduction. Gauge theoretically, they correspond to moduli spaces of flat bundles 
over a punctured nonorientable surface with prescribed holonomy around the puncture. 
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Let Tig denote the connected sum of g + 10 copies of MP 2 . By the classification of 
compact surfaces, every nonorientable compact surface without boundary is isomorphic 
to T, g for some g = 0,1, 2, .... The fundamental group 7i"i(£ s ) has presentation 

a 

^^{ao,...,^!!^ = 1 >- ( 27 ) 

i=0 

Let T g denote the free group on g + 1 generators {a , a g } so that the presentation (j2"7|) 
determines a surjection T g — > 7i"i(£ ff ). For K a compact connected Lie group and c e K, 
define 

7^(c) := {<P e Hom{Y g ,K)\ </>([[a}) = c}. 

i=0 

This is a topological space under the compact open topology with conjugation action 
by the centralizer Zk(c) C K. In fact, the embedding 7Z 9 K (c) e — >■ sending to 

(0(a o ), ...,4>(a g )) identifies 7Z 9 K (c) with the compact real algebraic set 

K 9 K (c) - {(fc , kg) G n ^ = c} (28) 

i=0 

for which the Z^(c)-action is algebraic. Notice that 

n 9 K (l) = Homing), K) 

where 1 G K is the identity, so we recover the representation varieties described in the 
introduction. 

We will always choose c to lie in a chosen maximal torus T C K, with complexified lie 
algebra t. We use notation W := N K {T)/T for the Weyl group, and W c := N Zk(c) {T)/T 
for the portion of the Weyl group that stabilizes c. The well known isomorphism 

Hz {c) {n 9 K {c)) = H*(K 9 K (c)) w * 

allows us to divide the study of general compact group actions into torus actions and 
Weyl group actions. As before, we use notation A := C[t] = S(t*) = H*(BT). 

3.1 Fixed points 

Our first task is to describe the fixed points of 7Z 9 K (c) under the conjugation action by T. 
Maximal tori are maximal abelian, so it follows that a homomorphism e TZ 9 K (c) is fixed 
by T if and only if im(0) C T, thus 

n 9 K {c) T = n 9 T {c). 

For this reason, it is useful to describe with some care the case that K = T = U(l) r is a 
torus. 

5 The index is chosen so that g is the genus of the orientable double cover. 
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Any homomorphism from tt := 7Ti(S 9 ) to an abelian group must factor through the 
abelianization tt/[tt, tt] = i?i(E 9 , Z) = Z 9 © Z 2 so we obtain 

7^(1) = Hom(Tt, T) = HomiHxiEg, Z), T) = T 9 x T 2 . (29) 

where T 2 = Torf (Z/2, T) = (Z/2) r is the 2-torsion subgroup of T. More canonically, 
regarding 7^(1) as a group under pointwise multiplication, we have a short exact sequence 

^T9^^TZ 9 T {1) >T 2 — -o ( 30 ) 

and we choose a splitting p : TZ 9 T {1) — > T 9 , (f)(ai, a 9 ), using the presentation (p7|) 
of the fundamental group. 

For general c G T, pointwise multiplication determines a free and transitive action of 
TZ 9 T (t) on H 9 T (c), i.e. 

Lemma 3.1. For g > 0, T a rank r compact torus and c G T the representation variety 
lZ g T (c) is a torsor for 1Z 9 T (\) , thus is diffeomorphic to T 9 x T 2 . 

Remark 5. The action of T 2 on lZ 9 T (c) is canonically defined up to isotopy, and acts 
freely and transitively on the set of components. Thus we have a canonical isomorphism 
H^(Fi) = H?p{Fj) for every pair of connected components F^Fj of TZ 9 T (c). Less canoni- 
cally, they may all be identified with Ht{T 9 ) = (At*)® 9 Cg> A, with all tensors taken over 
C. 

Corollary 3.2. For any compact, connected Lie group K of rank r, the GKM-hypergraph 
of lZ 9 K (c) has a vertex set V consisting of T vertices which are naturally identified with 
the set of square roots of c, 

V = {t G T\t 2 = c] 

upon which T 2 acts freely and transitively by multiplication. The stalks of the GKM-sheaf 
TZ 9 K (c) at vertices may be identified with A(t*)® 9 £g> A and the T2-action preserves these 
identifications. 

Because T 2 acts freely on the vertex set V, we gain a convolution product * on T 2 - 
equivariant GKM-sheaves. 

Lemma 3.3. Let T g := J^n^c)- Then 

F g ^F 1 *...*F 1 = (F 1 )* 9 

Proof. We begin with the case c = 1 which we prove by induction. We use the character- 
ization ( 1281) 

n 9 K (t) = {(t ,...,t g )eT 9+ Y ...tl = t} 

and T 2 acts by multiplying t . By Proposition 12.231 the induction step holds by the T 2 - 
equivariant homeomorphism 

^:^(l)x T2 ^(l)=n^(l) 

where ip((s , si) x (t , t g )) = (s t , s 1; h, t 2 , ...,t g ). 

The case of general c G T follows by the fact that 1Z 9 K (c) is a torsor for 7^(1), thus 
T 2 -equivariantly diffeomorphic. □ 
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Remark 6. For 1, the isomorphism F g = J r 1 * ... * T\ of Lemma [3.31 has only been 
defined up to an automorphism of T 2 , or equivalently up to a choice of base vertex. In 
future sections, we will prove that for compact, connected K and c G T C K a regular 
element, the T 2 -action extends to the full one-skeleton of 7Z 9 K (c), so this ambiguity is not so 
important. However, when c is not regular, the one-skeleton is usually not T 2 -equivariant, 
and greater care must be taken. The following Lemma is meant to address this. 

Lemma 3.4. A continuous path 7 : [0, 1] — > T induces an isotopy class of T2-equivariant 
homeomorphisms 7^(7(0)) —> 7^(7(1)) (where T 2 acts as in Lemma l3J\) . This class 
contains a map sending {to, ....,t g ) to (st ,t\, ...,t g ), where s G T satisfies s 2 = 7(0) _1 7(1). 

Proof. The variety lZ 9 T (c) is the fibre at c G T of the submersion T 9+1 — > T sending 
(t ,...,t g ) to nf=o^?- Pulling back by 7 determines a fibre bundle 7*T S+1 over [0,1] 
inducing a homeomorphism up to homotopy between fibres 7^(7(0)) and 7^(7(1)). 

The T 2 -action is induced by a canonical 7^(1) -act ion. That the homeomorphism 
can be made equivariant follows from the classical result of Palais- Stewart [PS60J on the 
rigidity of compact group actions on compact manifolds. 

Define the path 5 : [0, 1] — > T by 8(x) = 7(0) _1 7(x). Because the squaring map 
is a covering, there is a unique path y/6 : [0, 1] — > T such that (\/5(x)) 2 = 5(x) and 
\/~5(0) = 1. Define a T 2 -equivariant bundle trivialization : [0, 1] x 7^(7(0)) — > 7*T 9+1 
by (f){x, (t , ■••■>t g )) = (x, (y/6(x)t , ....,t g )). Setting s = V8(l) completes the proof. □ 

Corollary 3.5. Let 7 : [0, 1] — > T be a continuous path and denote IZi = 7^(7(2)) for 
i = 0,1. Then 7 determines a T 2 - equivariant bisection between the vertex sets Vo — V\ 
and this lifts to a T 2 - equivariant isomorphism of restricted sheaves 

3.2 The case K=SU(2) 

We review here the main results from [BailO] , using the language of GKM-sheaves. 
Throughout §3.21 set K = SU(2), and T C K is a maximal torus with c G T. The 
centre Z(K) consists of ±1 = T 2 , and all other values of c are regular. 

Theorem 3.6 ( [BailO] Thm 1.2 ). The representation varieties 7Z 9 SU ( 2 ){ C ) are equivari- 
antly formal under conjugation by T and by Z(c) for all c G K and g G {0, 1, 2, ...}. This 
means in particular that H^{TZ g K {c)) = H°(J-^^) is free over A. 

Since T has rank one, P(A) is a single point. 

Proposition 3.7. The GKM-hypergraph ^n 9 su 2 (c) f or an V c G T and g > 1 consists of 
two vertices and a single edge e connecting them, with a(e) equal to the sole element of 
P(A). 

Proof. This follows from Corollary 13.21 and the fact the 7Z 9 SU ( 2 ) ( c ) is connected. □ 

The case when g = 1 and c is regular can be described quite explicitly. In this case 
7£^-(c) is diffeomorphic to S 1 x S* 2 and T acts via rotation on S 2 with weight 2. In 
particular: 
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Proposition 3.8. For regular c, 7£#(c) is a GKM-manif old with non-isolated fixed points. 
The local system has fibre H^(T) = At*® A, with holonomy map p(e) = S a ( e )®IdA, where 
S a ( e ) is the automorphism of A(t*) induced by multiplication by -1 on t, which we think of 
as reflection in the root hyperplane a{e) L = {0}. 

Proof. That TZ l K (c) is a GKM- manifold with non-isolated fixed points is clear from the 
preceding description. The fibres were described in Remark The holonomy map can 
be inferred from Propositions 5.3 and 5.4 of |Bail0j . □ 

Remark 7. Notice that because the graph T^i^c) is "simply connected", the local system 
above can be trivialized. However the convention adopted in Remark of using the T 2 - 
action to identify fixed point components forces the local system to be non-trivial. 

Because T 2 = {±1} lies in the centre of K, the T 2 -action on H 9 T (c) described in 
Remark [5] extends to 1Z 9 T (c) in the obvious way. This makes J-^s i c \ into a T2-equivariant 
GKM-sheaf. 

Proposition 3.9. Let c G T be a regular element and let F g := J 7 -^^. F° r g > 1 we 
have an isomorphism between the GKM-sheaves F g = T\ * ... * T\ — (J^i)* 9 ■ 

Proof. Follows from Propositions 5.3 and 5.4 of |Bail0j . □ 

Now we turn to the non- regular cases e G {±1}- The full group K centralizes e and 
so K acts by conjugation on 7Z 9 K (e), and J~n 3 K (e) acquires a twisted W e = H^-action as 
described in §2.41 Choose a path 7 : [0, 1] — > K connecting e with some regular element 
c. Using Lemma [3.41 we obtain a twisted action of W on the restriction of J 7 -^^) to the 
vertex set. 

Proposition 3.10. The action described above extends to a twisted action of the Weyl 
group W on J~-r. b su 2 ( c )? twisted by the standard action of W on t. Taking W -invariants 
produces an isomorphism 

H* K {TZ 9 K (e)) = H\^ k{c) ) w . 

Proof. Using (129 p to identify TZ 9 T {t) = T 9 x T 2 , the action of the nontrivial element 
w G W, sends (ti, t g , z) to (wtiw, ....,wt g w,ez). The result now follows from the 
explicit description of the image of the localization map H^{lZ 9 K {e)) — > H^{lZ 9 T {e)) found 
in Propositions 5.3, 5.4 and 5.5 from |Bail0j . □ 



Remark 8. This result is stranger than it might first appear. The H^-action on J 7 ^^) 

^ / ■ \ K I l \ 1 V 5/ \X V M • -if. '} 1 T 1 / i i~ 1 1 i 1 1 -/ U_' 1 1 1 \~ 1 I I i ^ 1 w f - 1 



is not in general induced by one on TZ 9 K (c). Moreover, while the result implies that 
H^(TZ 9 K (e)) W ^ H°(T nB{c) ) w , it is not true in general that H^(jl 9 K {e)) H°{T n o (c) ). 



Remark 9. It will be important later to observe that both e G {±1}, the action of W 
on T a described in Proposition 13.101 commutes with the T2-action, and in fact differ by 
the non-trivial element of T 2 . 
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3.3 K has semisimple rank one 

Let K be a compact connected Lie group of rank r with complexified Lie algebra £ and 
let T C K be a maximal torus with complexified Lie algebra t. We may decompose t into 
its central and semisimple parts: 

t = Z(t)®Z ss 

In this section, we consider the case where t ss has rank 1 or equivalently, t ss = su(2) £g> C. 
The following lemma is elementary. 

Lemma 3.11. If K has semisimple rank one, then it is isomorphic to one of the following: 
(i) Uil)'- 1 x SU{2) 

(a) u{iy- 2 x u{2) 

(m) U{\y~ l x 50(3) 

If K has form (ii) or (iii), then it fits into a short exact sequence 

Q ^ C 2 ^ K A K ^ 1, (31) 

where K = U(l) r ~ l x SU(2) is of type (i) and C 2 = Z/2Z. A recurring strategy in this 
section is to reduce cases (ii) and (iii) to case (i) using ( 13~T|) . which is in turn reduced to 
the well understood cases SU(2) and U(l). For c G K, we denote by c an element of K 
satisfying 0(c) = c. 

Proposition 3.12. For all g > and c G T the representation variety 1Z := TZ 9 K (c) is 
equivariantly formal, so H°(J-'n) = H^(TZ) by Theorem \2.b\ 

Proof. If K = SU(2) x U(l) r - 1 and c = (ci,c 2 ), then TZ 9 K (c) = K 9 sm (d) x H 9 u{1)r ^(c 2 ) 
and the result follows from the SU(2) case because the product of equivariantly formal 
spaces is equivariantly formal under the product group action. 

Otherwise, K fits into a short exact sequence (131]) . Then TZ 9 ^(c) is equivariantly formal 

and is acted upon freely by the finite group Hom(ir, C 2 ) — so that 4> determines an 
isomorphism 

K 9 K {c) - \\ K%(c)/Ci +1 . (32) 

0(c)=C 

Applying equivariant cohomology 

H*(K 9 K (c)) - H* f (K 9 K (c)) - H* f (n 9 R (c)f> +1 

4>{c)=c 

we have H^(JZ g K {c)) is a summand of a free A-module, hence free. □ 

Remark 10. There is a small subtlety in the above proof that should be explained. We 
are working with complex coefficients so the covering T — > T induces an isomorphism 
H^(7l 9 ~(c)) = H^(7l 9 -(c)) so both actions are formal. 
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We are left with the problem of understanding the GKM-sheaf T-r. We begin with 
determining the GKM-hypergraph. 

Observe that since K has semisimple of rank one, the pair (K, T) has a unique pair of 
roots, that we denote ±ao- Every point of IZ 9 K (c) is fixed by ker(ao), so the one-skeleton 
is the whole space. 

Define the co-root h ao G t to be the unique element in t Pi t ss satisfying a (h ao ) = 2. 
The exponential exp(2nih aa ) = t G K, so exp(7iih ao ) G T 2 . 

Proposition 3.13. For any c G T and g > 1, denote the GKM-hypergraph T^s ( c ) = 
(V, £,I, a). The vertex set V is naturally identified with the T 2 -torsor 

V = {t G T\t 2 = c] 

as explained in Corollary 1 3. Si 

If K = ?7(l) r_1 x SO(3) then all edges are degenerate. Otherwise, the non-degenerate 
edges e G £ are those that satisfy a(e) = ao, and these join all pairs of the form 

{v,exp(iiih ao )v}. (33) 

Proof, li K = K = SU(2) x 17(1)*— x , then TZ 9 K (c) = K 9 su{2) {c x ) x 72* (1)P _! (ca) and the 

result follows easily. Otherwise, ^n 9 K (c) is the quotient of a C| +1 action on U</)(c)=c ^^(c)- 
Thus 7Z 9 K (c) is either degenerate or isomorphic to Y n a_ t c \ depending on if 7Z g K (c) has 2 r or 

K 

2 r ~ 1 connected components. This can be verified directly or using Ho-Liu [HL05]. □ 

Remark 11. When K = C/(l) r-1 x SO(3), we have exp(mh ao ) = 1 so formula ([33]) 
correctly describes the degenerate GKM- graph r^s ^ in this case. 

3.3.1 c is regular 

From the description of the GKM-graph T-r? ( c ) i n Proposition 13. 13^ it is clear that the 
free and transitive T2-action on V extends to full GKM-graph. 

Lemma 3.14. If cET C K is regular, then the T 2 -action on IZ 9 K (c) T = lZ 9 T (c) described 
in Remark^ extends to a T-equivariant T2-action on IZ 9 K (c). Consequently, J^n^ic) i> s a 
T 2 -equivariant GKM-sheaf. 

Proof. Denote X := K 9 K (c). If K = K = SU{2) x t/"(l) r_1 , then T 2 lies in the centre of 
K so the action extends to X simply by multiplying the zeroth entry. 

Otherwise K fits into the short exact sequence (J3T1) . Let c G K satisfy <f)(c) = c and 
let k G Ci C K denote the generator of CV It was shown in the proof of Proposition 13. 121 
that there is a Galois covering map X — > X with Galois covering group C 9+ , where 

X:=n 9 k {c)\\n%{Kc). 

We will construct an action 

p : G x X X 

of a finite group G on X which descends to the desired action of T 2 on X. 
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Let T C K denote the maximal torus satisfying <f)(T) = T and define G := _1 (T2)nT. 
The 2-torsion subgroup T 2 C T sits inside G as an index 2 subgroup and the restriction 
p to T2 acts by multiplying the zeroth factor as described above. Now choose y/n G T 2 
so that (s/k) 2 = k. Since G is generated by T2 and \/k, to define p it suffices to define 

Consider now the product of squares map 

i=0 

By ( |BailO] Prop. 4.1), we know that the set of regular values reg = (SU(2) \ 
(— 1) 9+1 ) x [7(l) r_1 . In particular, T^_ reg — T D K^_ reg is path connected. Using the 
same argument as Lemma [3.41 we obtain homeomorphism 

H : K%(c) -> TZ%(kc) 

determined up to T x T 2 x Cf + equivariant isotopy. Define p(\/k) by p(v / ^)l^ 9 -(e) := ^ 
and p( v / ^)k^(«c) := S" 1 o p(/«). 

Clearly p is a well defined action of G on X which commutes with T and C| +1 and 
thus descends to an action of T2 on X. That the restricted T2-action on X T is the correct 
one up to equivariant homotopy follows from Lemma |3~4"1 To obtain the correct T2-action 
on the nose use the equivariant homotopy extension property of ( [MPC96j . Theorem 
3.1). □ 

For the next string of results we use the following notation. Let c be generic, let 
T a := J~n 9 K (c) an d f g '■= Fn 9 -{c) where K = U(l) r ~ l x SU(2). There is a covering 

homomorphism K — >• K which is an isomorphism if K is of type (i) and a two-fold cover 
if K is of type (ii) or (iii). The covering restricts to a homomorphism T2 — > T^. 

Lemma 3.15. The induction functor 

Ind^ : GKM(t)f 2 h-> GKM(T)t 2 

satisfies Ind^(F g ) = T g . 

Proof. If K = K then Ind^ is the identity functor so the assertion is obvious. 

Otherwise K fits into the long exact sequence ( 13TT) . The proof of Lemma 13.141 demon- 
strates that TZ 9 K (c) is constructed from 1Z g ^(c) using the mixed quotient construction as- 
sociated to the homomorphism T 2 — > T 2 , so the result follows from Proposition 12.151 □ 

Proposition 3.16. Denote F g = J-^a ^ where c G K is regular. Then T g is isomorphic 
as a GKM-sheaf, with the g-fold convolution product T\ * ... * J~\. 

Proof. If K = K = U{l) r - 1 x SU{2) then TZ 9 R (c) = K B svl2) (ci) x ^^(ca) and the 
result follows from Lemmas 13.31 and 12.251 and Proposition 13.91 

The result for general K follows from the natural isomorphisms 
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Fx * ... * Fx = Ind\{K * .... * Fx) = Indf 2 (F g ) S F g 
applying from Proposition 12.271 and Lemma 13.151 □ 

Because F g is T 2 -equivariant, it is possible to decompose H°(F g ) into iso typical com- 
ponents 

H°(F g ) = H\F 9 Y - H°(J*), 

XGT2 x&T 2 

where F* is a GKM-sheaf over the GKM-graph with one vertex. 
Lemma 3.17. The isotypical components satisfy 

H°(F*) = 

where F* is the x-isotypical pushforward of Fx to the GKM-graph with one vertex. 
Proof. By Proposition 13.161 we have 

jrx s (jr*9)x (jrxyg 

Since K 9 K (c) is equivariantly formal, Propositions E21 implies H°((F?)* 9 ) = H°(F?)® 9 . 

□ 

Proposition 3.18. If K is of type (i) or (ii), then Fx is monodromy sheaf, with vertex 
stalk A(t*) <g) A and holonomy S a ( e ) £2> idA for all non- degenerate edges e, where S a M G 
Aut(A(t*)) is induced by the Weyl reflection in the hyperplane a(e) 1 - C t. 

Proof. If K = K = SU(2) x [/(l) r_1 , the representation variety splits as a product 
TV~.(c) = Ttsu(2)( c i) x ^(/(i)r-i (C2) and the result follows from the SU{2) case, Proposition 
EH 

Otherwise we have Fx = Ind~?(F\) where Fx where is a monodromy sheaf as described 

above. Because the identification of the vertex stalks Fxiy) = A(t*) ® A were specifically 
chosen to be invariant under the T 2 -action, it is clear that Fx is also a monodromy sheaf 
with the required monodromy. □ 

Restriction to the vertex v defines the inclusion 

i* : H°{Ff) F?(v) = A(t*) <g> S(i*). 

We now describe the image of i* . 

Let a G t* be a root of K and choose a basis {a , /3x, Pr-i} of t* where the are 
orthogonal to a (alternatively, the /3j are +1 eigenvectors for the reflection defined by 
ato). If m 6 A(t*) is a monomial in this basis define deg ao (m) = 1 if «o is a factor of m 
and deg ao (m) = if not. 
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Proposition 3.19. The image of i* = i* aQ in A(t*) <g> S(t*) = J^{v) is generated as a 
S{i*)-submodule by generators 

m <g> 1 if (-l) de9a ° {m) x(exp(irih a )) = 1 

and 

m®a if (-l) de9a ° {m) x(exp(TTih a )) = -1 
as m varies over a monomial basis. 

Proof. The basis is chosen so that for a monomial m G A(t*), 

S a[e) (m) = (-lj^Wm. 

If K has type (i) or (ii), T 2 factors as T' 2 x T%, where T 2 " acts freely on r^i ( c ) and T' 2 = 
Z/2Z is generated by exp(irih ao ) , which fixes the non-degenerate edges and transposes 
their incident vertices. Thus we may restrict attention to a single edge, and identify i* o 
with the intersection of the image of the matrix 

1 a 

in (A(t*)(g)A)® 2 with the diagonal if x(^xp(nih ao )) = 1 or the anti-diagonal if x(^p(nih ao )) 
— 1, from which the result follows. 

In the remaining case K = SO (3) x Z7(l) r-1 , T 2 acts freely, so im(i* ) is independent 
of x- 111 particular J 7 * = F^ 2 . From the construction in the proof of Lemma 13.141 we see 
that J-'i 2 = (Fx U-Fi) G = F^ 2 which is described above. Since exp(iirh ao ) = exp(t) = 1 
in K, this proves the result. □ 



Corollary 3.20. For regular c, the Poincare series of H^(TZ g K (c)) are 

gXgfrfe)) = f 2(1 + t 3 ) 9 ifK = SO(3) 

Pt(BT) \2(i + ty((i + t 3 y + (t + t 2 y) %fK = u(2) 



(34) 



Proof. If K — 50(3), then t* = C 1 has basis {«o} and T 2 = Z/2Z has two characters 
X G T 2 . In both cases 

H°{F^) C A(t*) <g> A 

is a free A- module with generators 1(g) 1 and «o ® «o of degree and 1 + 2 = 3 respectively. 
By Lemma ^J7}H°(F^) = so 

^f(^o(3)( c )) = Pt{H°(^)) = 2(l + t 3 yP t (BT) 

xef 2 

as desired. 

If if = C/(2), then t* ^ C 2 has basis {a ,/3i} and T 2 = (Z/2Z) 2 has two characters 
satisfying x(exp(7T2/i ao )) = 1 and two satisfying x(exp(7a7i ao )) = — 1. In the first case 
H°(Fi) C A(t*) (g) A is generated by free generators 

1 g) 1, pi g) 1, a ® a and a Aft8 a 
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of degrees 0, 1, 3, 4 respectively. In the second case if°(J r ^) is generated by a free basis 

1 <g> a , pi <g> oc , «o ® 1 and a A /3% ® 1 
of degrees 2, 3, 1 and 2 respectively Again H°(JJ) = H°(T?)® 9 , so 

^ Si''" = ® P 'Srf ' =2(1 + . + ^ + ««)■ + 2(1 + «■ + f). 

as desired. □ 

Remark 12. Although Corollary 13. 201 describes only the Betti numbers, the cup product 
structure of H^{lZ 9 K {c))) is also completely determined by the proof. 

Lemma 3.21. The localization map i* : H°(J-J 2 ) — > J-J 2 (v) fits into a commutative 
diagram 



(35) 

H^(K 9 ) H*(T 9 ) 

where T acts on K 9 by conjugation, j : T 9 K 9 is inclusion of the T -fixed points and 
the isomorphism Jj 2 (f) = H^{T 9 ) = A(t*)® 9 ® 5(t*) ^s described in Remark^ 

Proof. The action of T on f^ 9 by conjugation is equivariantly formal so H^(K 9 ) = 
H (Fk9) is a free A-module. The projection map TZ 9 K (c) sending (/c , k g ) to (hi, fc 9 ) 
is i^-equivariant, so it induces a homomorphism H^(K 9 ) — > H Q (T g ) by Proposition 
12.101 The image of this map consists of T 2 -invariant sections, so we gain homomor- 
phism : H^(K 9 ) -> H°(F g ) T2 = H°{J^ 2 ) which fits into the commutative dia gram (|35|) . 
Because i^ 9 is equivariantly formal, j* is injective so <j) must be injective. To see that <fi is 
a isomorphism, it is enough to confirm that H^(K 9 ) and if°(J r J 2 ) have the same Poincare 
series. 

The Poincare series of H^{K 9 ) = H*{K 9 ) g> H*{BT) is 

((l + t 3 )(1 + tr -i) 9 p 4(jBT) 

and this agrees with H Q (J^ 2 ) when # = S77(2) by [BailO] §5.1 and K = 50(3) or U{2) 
by Corollary 13.201 The case of general K of semi-simple rank one follows easily. □ 



3.3.2 c is not regular 

Let c G T be a not necessarily regular element with centralizer Z(c) C K and define 
Weyl group at c by the formula W c := N Z ( C ){T) /T '. Because K has semi-simple rank one, 
W c = W = Z/2Z if c is not regular and W c is trivial if c is regular. The T-action on 
1Z 9 K (c) extends to a Z(c)-action and there is a well known formula: 

H* z{c) {K 9 K {c)) - Hl{H B K (c)) w '. 
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Proposition 3.22. Let 7Z := 7Z 9 K (c) for c not necessarily regular and let JF g be as de- 
fined in §ff. PI Then W c acts on both T-ji and T g giving rise to an isomorphism of 
W c -invariants , 

H*(K) m = H°(F n ) w ° = H°(F g ) w c. 

Proof. If W c is trivial then c is regular and the statement is vacuous. So assume c is not 
regular so W c = W ^ Z/2Z. 

The twisted W- actions on H^(7Z) and on Tn are the standard ones described in 
Proposition 12.281 determining the isomorphism 

H* T (K) W = H\F n ) w 

It remains to construct the twisted WVaction on T g and prove the remaining isomorphism. 

Consider first the case of K = K = SU(2) x ?7(l) r_1 . In this case the representation 
variety splits as 7Z = 7Z 9 su ^(ci) x H^^y-i (02). If 7 : [0, 1] — > T is a path connecting c to 
a regular value, then Lemma 13.41 and Proposition 13.101 imply that T g acquires a twisted 
T^-action and H°{F g ) w £ H£{K) W '. 

Now consider K of type (ii) or (iii), with double cover <fi : K K fitting into the exact 
sequence (I5T1) . Denote 1Z = U^c)=c n %( d ) which h Y ©2]) forms a Cf +1 -Galois covering; 
ft ft. 

The elements c G _1 (c) are either both regular or both non-regular. If they are both 
regular, then ft is isomorphic as a T-space to 7Z 9 K (c') for regular d G K and consequently 
Tqi = F g even before taking W- invariants. Otherwise, both c G </>~ 1 (c) are non- regular 
and W acts on both cofactors, so H^(JZ) W = H°(^F g ) w © H°(jF g ) w since we have already 
confirmed this isomorphism for K = K. 

By Remark [9] the actions by Cf +1 and W commute, on both H^(7Z) and on T g . Thus 



H* T (1Z) W = (H* T (Kf* +1 ) w = {H* T {K) W ) C * +1 = (H (f g ) w ®H (f g ) w f* +1 

- ((H°(F g ) © H°(F g )f° +1 ) w = H\F g ) w 

□ 

Remark 13. It is useful to describe more explicitly the twisted Wc-action on T g . This 
action is completely determined by its restriction to the vertex set V. We may identify 
the vertex set V = {t G T\t 2 G c} and W c acts on V by restricting the standard action on 
T. The stalks over every v G V are identified with J- g (v) = A(t*)® 9 © S^t*) (see Corollary 
13. 21) on which W^-acts by through S ao © S ao , where denotes the extension of the Weyl 
reflection on t* to algebra automorphisms of A(t*) and S(t*). 

For completeness, we list equivariant Poincare series for £0(3) and U(2) representation 
varieties. 

Corollary 3.23. Fore non-regular, the equivariant Poincare series of7Z 9 K (c) satisfies 
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Pt {c \n 9 K {c)) 

P t (BZ(c)) 



'2(l+t 3 ) 9 if K = S0(3) and c = 1 

[l + t 3 )9{l + t 2 ) ifK = 50(3) andc^ 1 

[l + ty (2(1 + t 3 y + (t + t 2 y(i + t 2 )) %fK= u(2) 

(36) 



Proof. We use the formula 

established in Propositions 13.221 and 13.161 

If K = SO (3) and c / 1, then W transposes the two connected components of the 
GKM-graph. Therefore 



Pt {H\r/) w ) = i/2(p t (^)) = = {1+t i Z^) t) = (^n^wmc)) 

as desired. 

If K = 50(3) and c = 1, then W acts trivially on T 2 and on the vertices of the 
GKM-graph. Thus W preserves the summands 

H°(F* 9 ) = H (F*)® 9 
xeT 2 

and acts by the restriction of the standard twisted action on A(t*)® 9 ® S(i*). The genera- 
tors of if°(J r ^)® 9 C A(t*)® 9 ® 5(t*) are invariant under this action and the desired result 
follows. 

If K = £7(2) then e := exp(nih ao ) = — 1- The action of W = Z/2Z on T 2 interchanges 
the two characters satisfying x(e) = —1 so they contribute 

(i + ty(t + t 2 y (i + ty(t + t 2 y(i + t 2 ) f1 , fWu ^ u ^p /flr ^ 

to the Poincare series. The characters satisfying x(e) = 1 are fixed by W so they each 
contribute a term of the form (H°(J-i)® 9 ) . The M^-action on vertices has a fixed point, 
so the twisted action on if°(J r ^) is induced by the standard one on A(t*) ® S(t*), and 
this action leaves the generators of H ^*) invariant. Thus each summand (H° (J-^-)^ 9 ) w 
contributes (l+ty(l+t 3 yP t (BU(2)) to the Poincare series. Adding up these contributions 
gives the desired result. 

□ 

Remark 14. For K = U(2) and for K = 5*0(3) and c = 1, the centralizer Z(c) = K, the 
formula (l36il also provides the Poincare polynomial of ordinary co homology H*(TZ 9 K (c)). 
In the remaining case, K = 50(3) and c is rotation by 180 degrees about an axis, Z(c) 
is disconnected and (136]) is not equal to the Poincare polynomial of H*(lZ 9 K (c)). 
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3.4 General compact connected K 

In this section, let K denote an arbitrary compact connected Lie group with maximal 
torus T. Denote by A the set of roots of T C K and by A + be a choice of positive roots, 
which we think of as representing elements of P(A). 

For a G IP(A), denote by K ao the centralizer of ker(ao) in K. It is easy to see that 

nUc) ker{ao) = n 9 Kao (c)CTZ 9 K (c). (37) 

Lemma 3.24. The centralizer K ao C K is strictly larger than T if and only if olq G A + . 

Proof. Centralizers of tori in K are connected (see [BtD85] IV Theorem 2.3) so K ao is 
connected for any cto G P(A). Thus K ao is strictly larger than T if and only the adjoint 
action of H on t has fixed point set larger than t. Since the roots A G A record the 
weights of the adjoint action, the result follows. □ 

Lemma 13.241 and (1571) imply that the one-skeleton of 7l 9 K (c) is the pair 

( U k t^)- ( 38 ) 

Consequently, the construction of the GKM-sheaf T^a ( c ) reduces to the torus and the 
semi-simple rank one cases. 

Theorem 3.25. For any compact connected K , c G T and g > 1, the GKM-graph of 
r R s ( c ) admits a T2-action, with vertex set 

V = {t E T\t 2 = c} 

upon which T 2 acts freely and transitively by multiplication. If a G A + and exp(7iih ao ) ^ 
1 G T 2 , then S a ° partitions the vertices into pairs 

{v, exp(ma )v} . 

For all other «o G P(A), the edge partition is degenerate. 

Proof. The description of the vertex set is from Corollary 13.21 Lemma 13.241 reduces the 
description of the edge set reduces to the semisimple rank one case, Proposition 13.131 
T n a (c) is T 2 -equivariant because T n s (c) is for all a G P(A). □ 

Theorem 3.26. Let K be compact and connected and let c G T be regular. For g > 1, de- 
note Tg := J--R? (c)- Then is a T 2 -equivariant GKM-sheaf and there is an isomorphism 
of GKM-sheaves 

Proof. Restricting to vertices, there is a natural isomorphism 

F g \v = (^i)* 9 |v (39) 

as defined in Corollary 13.21 Proposition 13. 161 combined with ( 13?]) provides an isomorphism 
J- g \v\j£«a — (Fi)* 9 \vvj£ a o respecting (|39l) . Gluing together completes the result. □ 
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Theorem 3.27. For a G A +; let im(i* ) denote the S{i*)-submodule of A(t*) ® S(t*) 
described in Proposition ^. 1!A Then 

H\^)= P| im(C o ). 

ao€A+ 

Proof. Since .F*(VU£ Qo ) is equal for .K" and K ao , this result follows from Lemma [2. 71 and 
Proposition 13.191 □ 

Every connected compact Lie group K possesses a finite covering group K — >• K with 
Tri(-fC) is torsion-free. We can exploit this fact to simplify arguments, much as we did in 
the previous section. 

Lemma 3.28. If K is a compact, connected Lie group for which 7Ti(K) is 2-torsion free, 
then for all roots a® G A +; the fundamental group r K\{K ao ) is also 2-torsion- free. This 
implies that the exponential of the coroot exp(nih a ) G K does not equal the identity. 

Proof. Consider the exact sequence of homotopy groups 

rr 2 (K) -> 7r 2 (K/K ao ) -> ir^K^) -> tt^K) 

Here vr 2 (K) = by Whitehead's theorem, and iti{K / K ao ) = FL^ (K/K ao ; Z) is torsion free 
because Kj K ao admits a Bruhat decomposition into even dimensional cells. Since tti (K) 
contains no 2-torsion, we deduce that iri(K ao ) does not either. 

Since K ao has semisimple rank one, it is isomorphic one of the groups in Lemma [3.111 
and is not equal U(lY r ~ 1 * ) x 50(3), so it is easy to verify that exp(7riao) ^ t. □ 

Theorem 3.29. Let c G K be a regular element and suppose that tti(K) is 2-torsion 
free. Then the GKM sheaf of T\ := Fn 1 {c) i> s isomorphic to the monodromy sheaf with 
fibre A(t*) <S> A, with monodromy p(e) equal to S a ( e ) <S> Id^, where S a r e ) is induced by the 
reflection in a(e) ± C t. 

Proof. The restriction of T\ to V U S alpha ° is naturally isomorphic to JF^i i c \ so this 
follows directly from Proposition 13.181 □ 

3.4.1 Weyl invariants 

Theorem 3.30. Let 1Z = lZ g K (c) where c is not necessarily regular and let Tg be as defined 
in §ff. 3. 1\ There is an action of W c = Nz( c )(T)/T on both J-r and F g giving rise to an 
isomorphism of W c -invariants, 

H°(Ttz) Wc = H\F g ) w \ 

Proof. The centralizer Z(c) acts on 1Z by conjugation, and this determines a twisted 
Wc-action on J-^ as described in Proposition 12.281 

The action of W c on the restriction JF g |v is the same as explained in Remark [TBI Namely 
W c acts on V = {t G T\t 2 = c} by the restriction of the standard action on T, and W c 
acts on stalks J- g {v) = A(t*)® 9 <8> S(t*) by the tensor product of standard representations 
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of W c on A(t*) and on S(t*). To see that this action extends to all of T g = (J^i)* 9 , observe 
that H^ c -respects the local system of the monodromy sheaf T\ because for any w G W c 
and e G £ 

(w <g> Vj)(S a (e) ® Id A )(w~ 1 <S> W~ V ) = S wa ( e ) w -i <g) Id A = S a ( w . e ) ® A 

as an automorphism of A(t*) ® IdA- 

Now let i* ao : 7 K (VU £ a °) T n {V) and f ao : J 9 (VU £ a °) J* g (V) denote the 
restriction maps and identify 

jr (V) = JSe(V) = CV <g> A(t*f 9 <g) 5(f). 

By Proposition 13.221 we know that im(i* ) Sa o® fir «o = im(j* ) s «o® s «o ; so 



imfi* o )' bQ °®' :,Q ° 



= ( n im (^o)) c = ( n a 



q GA + 

□ 

The IV c -action on T g does not always commute with the T2-action. Instead W c acts by 
conjugation on T 2 , restricting the standard action of W c on T. Consequently, if°(J r 9 ) w/c 
decomposes into a sum over the orbit space T 2 /W c , 

H°{F g ) w <= (H°{F g ) w °)to (40) 
Mer 2 /vy c 

Corollary 3.31. Let (W c ) x be the stabilizer of \ G T 2 . 27ie summands of equation [JW 
satisfy 

Proof. The iy c -action permutes the summands of ® xe f 2 -ff°(J : g ) x according to its action 
on T 2 , so 

{H Q {F g ) w *) [x] S H°(^) {w ^ 
and the result then follows from the isomorphism J 7 * = (J r 1 * fil ) x of Theorem 13.261 □ 

A choice of base vertex v* determines an isomorphism 

jrx(v) s s A(t*f 9 ® (41) 

and it will be important to describe the twisted (W / c ) x -action on ^(V) in terms of this 
identification. 
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Lemma 3.32. Given a base vertex v*, let 

t : (W c ) x Aut(A(t* f 9 ® 5(t*)) 

denote the induced twisted action. Let r st denote the standard twisted W -action on 
A(t*)® 9 ® S(t*), induced by the standard Weyl group action on i. Then t~ x t^ = x(t) G 
{±1} where t G T 2 satisfies tv* = wv*. In particular, r = t s< |(vk c ) x «/ {W c )x ^ces i/ie 6ase 
vertex v* or \ is trivial. 

Proof. It was explained in the proof of Theorem 13.301 that W acts on Tf{V) = CV <8> 
A(t*)® 9 ®S(V) by the tensor product of r st with the action on CV induced by PV-acting on 
V. If v * is fixed by (W c ) x then the identification f )4T|) is undisturbed and r = r st . Otherwise 
it is necessary to correct by multiplying by t which introduces the factor x{t)- ^ 

3.4.2 The trivial character 

In |Bai08] Chapter 8, it was shown that the projection map TZ 9 K (c) — > K 9 sending 
(ko, kg) to (ki, kg) is a "cohomological covering map". In particular, this means 
that the induced map on cohomology is an injection H* Z ^(K 9 ) <^-> H* z ^{lZ 9 K (c)) . The 
analogue of this for Tji 3 ( c ) is the following. 

Proposition 3.33. For any c G T and g > 1, the T 2 -invariant summand equals H°{J^ 2 ) Wc 
H^(K 9 ) W \ 

Proof. The T-fixed point set {K 9 ) T = T 9 so 

J^(V) = A(t*f 9 <g> S{t*) = H* T {{K 9 ) T ). 

The action of W c on 7j 2 (V) = A{t*)® 9 ® S(t*) is the standard one by Lemma EM 
Consequently, it is enough to show H ^ 2 ) = H^(K 9 ). 

The conjugation action of T on K 9 is equivariantly formal so H^(K 9 ) = H Q (FKa)- The 
one-skeleton of K is (U Qo eA K ao , T) so the result follows directly from Lemma [3.211 □ 

Remark 15. Using Theorem I3T271 we identify H£(K) = i? (Jf 2 ) submodule of 
A(t*)®5'(t*). The equivariant fundamental class of K spans the one- dimensional subspace 

A r (t*)®/ 

where / := U ao eA + "o 

4 Worked examples 

We focus our attention on simple groups K for which 7Tj (K) has finite and odd cardinality. 
Let $ = Spanz{h a \a G A + } denote the coroot lattice of K in t. Lemma 13.281 implies that 
the map exp(ni ):$—>■ T 2 defines an isomorphism 

$/2$ = T 2 (42) 

so in this situation we may compute if (J 7 * ) directly in terms of the (co)root system. 

For a rank r abelian Lie algebra t, let proj r denote projection from A(t*) ® S(V) onto 
A r (t*) <g> S(t*), which we identify with S(t*). 
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Lemma 4.1. Let d £ A = C[t] fre a homogeneous element and M be a free A-submodule 
of the A-algebra A(t*) toit/i homogeneous free generators {xi,...,x r } satisfying 

proj r (xiX r -j) = (5ij + higher order terms )d 

where dij is the Kronecker delta. Then the product module MM satisfies proj r (MM) C 
(d) and M is maximal among submodules satisfying this property. 

Proof. The matrix 4 [xjX r _j] is unipotent and upper triangular, so row reduction produces 
a second basis {x[, ...,x' r } of M which is dual to the Xi in the sense that proj r (xiXj) = 
5ijd. Now suppose there exists y G At* ® Sym(t*) \ M for which proj r (My) C (d). 
Then by subtracting a linear combination of x' i} we may assume that proj r (My) = 0. 
But this implies that y = because M is of maximal rank and the proj r pairing is 
nondegenerate. □ 

We will use this Lemma in the following fashion. 
Lemma 4.2. Use Theorem 3.27\ to identify H ^*) with a submodule o/A(t*) ®A. Then 

proj r (H (^)H°(^)) C ( J] a). 

Proof. The fact that if°(J r i) is a T 2 -equivariant algebra implies that if (J r ^)if (J-'{ < ) C 
#°(jf 2 ) C A(t*) <g) A. By Remark [El we know 

proj r {H\jFj*)) = H°(F?) H (A r (t*) ® A) = ( J] «)■ 

□ 



4.1 A 2 type 

In this section we let K = £77(3) or PSU(3). Then because 7Ti(K) has odd order, (j4"2"l) 
holds. Let {ei, e 2 , denote the standard basis in C 3 with the standard pairing. Identify 
t = (ei + 62 + 63)-*- C C 3 . We choose positive roots A + = {a^j = — tj\i < j} and use the 
pairing to identify a it j = h a . . . The group $/2$ = T 2 = (Z/2) 2 has coset representatives 
consisting of and the three positive roots A + . There are three nontrivial characters 
Xi, Xii X3 °f T 2 = $/2$, defined by Xfc([ a «j]) = 1 if and only if i, j, k are pairwise distinct. 
The Weyl group £3 acts on the three nontrivial characters Xi,X2,X3 i n the standard 
fashion. 

Proposition 4.3. The summands i7°(J r { Cfe ) are pairwise isomorphic free modules for k = 
1, 2, 3. Under the injection 

i* : 77° (j^ 3 ) At* g> £(f) 



described in Theorem 3.21 and using coordinates x\ — a,\ 3 and x 2 = a 2 3; /ree frasis is 



l®xix 2 , x\ A x 2 <g> (xi — x 2 ), (43) 

Xi <g> x 2 + x 2 <g> Xi, X\® x 2 (xi — x 2 ) — x 2 Cg> xi(xi — x 2 ). (44) 
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Proof. That the H°(J-'* k ) are pairwise isomorphic follows from the fact that the Xk are 
permuted by W. 

Let M denote the sub module of A(t*) <E> A generated by ( H3l) . It is straightforward 
linear algebra to check that M is contained in the intersection Pla eA + ^ m (^ao) °^ Theorem 
KT7[ so we conclude that M C #°(7?). 

To prove M D if (J 7 *) observe that M satisfies the conditions of Lemma 14.11 with 
d = riaoeA a o = ^1^2(^1 + ^2)- Combining this with Lemma H~2l completes the proof. □ 
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Corollary 4.4. For g > 1, the A-module H (J- g ) is free with Poincare series 

Pt{H\F g )) = ((1 + t 3 + t 5 + t 8 ) 9 + 3{t 3 + 2t 4 + t 5 ) 9 )P t (BT). 

Proof. By Proposition l3~33l we know F°(7j 2 ) = H^(K 9 ) and this expl ains the term 
(l+t 3 + t 5 +t 8 ) g P t (BT). The remaining three isotypical components H ^) = H Q {Ff)® 9 
are isomorphic and have Poincare series (t 3 + 2t 4 + t 5 ) 9 P t (BT) by Proposition 14.31 □ 

Corollary 4.5. Let e G Z(K) and K = TZ 9 K (e). The H°{F R ) W is a free A w -module with 
Poincare series 

((1 + t 3 + t 5 + t 8 ) 9 + (1 + t 2 + t 4 )(t 3 + It 4 + ty)P t (BK) 

Proof. Observe that every e G Z(K) has a square root in Z(K), so the W e = W action 
on vertices has a fixed point. By Lemma [3.321 the induced W^-action on A(t*)® 3 <g> S(t*) is 
the standard one. 

Because W permutes the three non-trivial characters {xi,X2,Xs}i H°{Ttz) decom- 
poses into a sum of two ^4^-modules as explained in Corollary 13.3 11 The trivial character 
contributes the first summand H^{K 9 ) W = H^(K 9 ) with Poincare series 

(1 + t 3 + f° + t 8 ) 9 P t (BK). 

The remaining summand is 

3 

(0ff°(J|)) H ' (H (T* 3 )® 9 ) W ™, 
1=1 

where W X3 =< (1, 2) > is the stabilizer of X3- The free basis (j4"3l) of if (J r f 3 ) is invariant 
under (1, 2) so the basis of if (J 7 * 3 )® 9 is also invariant and we deduce that 

p t ((H°(Trr 9 ) Wx3 ) = (t 3 + 2t 4 + t 5 ) 9 P t (A Wx3 ) = [rrjyTT^ 

= (t 3 + 2t 4 + t 5 ) 9 (l + t 2 + t 4 )P t {BK) 

□ 

Proof of Theorem ! In |Bai09] the Betti numbers of (TZ^^Jt)) were computed 
and it was shown to be torsion-free as an H*(BU(3))-modu\e. It is easily deduced that 
Hg v ^(Tl 9 su , 3 \{l)) is torsion- free and that 

P t sm {K 9 su(3) {l)) = ((1 +t 3 + t 5 + t 8 ) 9 + (1 + t 2 + t 4 )(t 3 + 2t 4 + t 5 ) 9 )P t (BSU(3)). 
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By Theorem 12.61 this means that there is an injective morphism of graded algebras 

which by comparing Betti numbers must be an isomorphism, and H° (Tn^ z (i)) is free 
by Corollary 14.51 □ 

4.2 B 2 

The root system of Spin(5) has positive roots {2ei,2e 2 , — e,\ + e 2 ,ei + e 2 } C C 2 , with 
corresponding coroots {ei, e 2 , ei + e 2 , e\ — e 2 } under the standard pairing. Thus T 2 = $/2$ 
is generated by [ej] and [e 2 ], and so [ei + e 2 ] = [ei — e 2 ] G $/2$. The character group T 2 
has four elements defined in the basis {[ei], [e 2 ]} by matrices [1, 1], [—1, — 1], [1, —1], [—1, 1], 
and the Weyl group interchanges only [1, —1] with [—1, 1]. 

Proposition 4.6. For K = Spin(5) and all\ € T 2 , the A-submodule H°{JFf) C /\{t*)®A 
is free. The generators of H°(j\ 1 ' 1 ') are 



1 <g eie 2 , ei A e 2 ® (ei + e 2 )(ei - e 2 ), 

e x <g e 2 + e 2 <g ei ei <g e 2 {e\ - e\) + e 2 (g e\{e\ - e\). 

Changing basis to x = e\ + e 2 and y = e\ — e 2; i/ie generators of H ^^ are 



1 (g + y), x A y (g (x — y), 

x (g y(x + y) + y (g x(x + y), x <S> y(x — y) — y <S> x(x — y). 

Proof. Analogous to Proposition 14.31 □ 

Corollary 4.7. For K = Spin(5) and g > 1, the ring if (J-" s ) is a free module over A 
with Poincare polynomial 



Pt(H°(T g )) = (P t (K) 9 + 2(t 4 + 2t 5 + t 6 y + (t 3 + t 4 + t 6 + t 7 ) 9 )/(l - t 2 ) 2 . 

Furthermore, for the augmentation map A — > C, the extension of scalars H°(J r g ) Cgu C is 
a dimension 10 g Poincare duality ring over C. 

Proof. The calculation of the Poincare series is analogous to Corollary 14. 41 The orientation 
class for the Poincare duality pairing is 

(A r (t*)® J] «o)etf (^ T2 ) 

and the pairing is just the extension of scalars of proj r . The generators listed in Propo- 
sition 14.61 provide the nondegenerate pairs. □ 
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Remark 16. If 7^s p j n ( 5 )(c) is equivariantly formal then its ordinary cohomology ring is 
isomorphic to H®(J- g ) ®a C Since we know that 7^5 p j n ( 5 )(c) is an orientable manifold 
of dimension lOg, Corollary 14.71 is consistent with the conjecture with 7^| P j n ( 5 )(c) being 
equivariantly formal. 

In terms of the basis ei, e 2 , the Weyl group for B 2 is generated by the reflections: 

l o\ (\ o \ A) l 



S| := 1 o ij' S2:= -\)^ 3 ^ vi o 

Corollary 4.8. Let e e Spin(5) = K be the nontrivial central element and let 1Z = 
lZ 9 K (e % ) for i — or 1. The ring of Weyl invariants (^(J 7 ^)) 14 ^ 4 ) is a free module over 
A w = H*(BK) with Poincare series 

(P t (K) 9 + (t 3 + t 4 + t 6 + t 7 ) 9 + t 2 (l + t 4 )(t 4 + 2t 5 + t 6 ) 9 )P t (BK) 

if g + i is even and 

(P t (K) 9 + t\t 3 + t 4 + t 6 + t 7 ) 9 + t 2 (l + t 4 )(t 4 + 2t 5 + t 6 ) 9 )P t (BK) 

if g + i is odd. 

Proof. The generators of if (J 7 ] 1: ) are not invariant under the standard W e % = W 
action, but instead are weight vectors, of weight —1 for si and s 2 and weight +1 for 
S3. Taking tensor powers, it follows that for even g, the free A-generators of if°(J r g ) 
equal the free A w = H*(BK) generators of if°(J r g while for odd g the generators 

of H^^l are e\e 2 times the generators of H°(J-'l x ' ). On the other hand, one 

checks that under the twisted action of W e on H Q (j\ ^) the generators are invariant, 
so for odd g the generators of -ff (J r ] ) We coincide with those of if°(J r ]^ 1 ' ^) while 
for even g we must shift by e\e 2 . 

The remaining pair of character are permuted by the Weyl group, so we must consider 
(^(J 7 ] 1 ' -11 )©^ ^ 1 ' 11 ))^ S H°(jf'~ 1] ) w &-il, which will be a free module over A^i.-u. 
Similar considerations now apply, but in this case generators must be shifted by a degree 
two element ( either t\ or e 2 depending on parity of g + i). □ 



4.3 G 2 

G 2 has root system spanning the orthogonal complement of e\ + e 2 + in C 3 , with simple 
roots a = t\ — e 2 and f3 = —2ei + e 2 + es with remaining positive roots a + (3, 2a + f3, 3a + f3 
and 3a + 2/3. The Weyl group is isomorphic to the dihedral group D 6 and acts transitively 
on the nontrivial characters of T 2 = $/2$, with stabilizer isomorphic to Z 2 © Z 2 . If we 
let x denote the nontrivial character sending h a and h 3a+2l 3 to 1 then W x is generated by 
matrices 

Si:= (i ^ S2:= {~o -l) 

in the basis x = a + (3 and y = 2a + (3. 
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Proposition 4.9. For K = G 2 , the module H {Ti) is a free A-module generated by 

1 (g xy(2x — y)(2y — x), (x ®y — y <S> x)(x 2 — y 2 ), 

x A y <g (x 2 — y 2 ), (x <g y + y <g x){2x — y)(2y — x). 

Proof. Analogous to Proposition 14.31 □ 

Corollary 4.10. The graded ring H (J-'g) is a free A-module with Poincare series (Pt(K) 9 + 
3(t 6 + 2t 7 + t s ) 9 )P t (BT). Moreover the extension of scalars by the augmentation map 
H°(J r g ) ®a C is a Poincare duality ring of dimension l^g. 

Proof. Analogous to Corollary 14.71 □ 

The simply connected group G 2 has trivial centre. 

Corollary 4.11. The ring H ^^ ^)) w = (H°(J-'g)) w is a free A w -module with Poincare 
series 

(p t (G 2 y + (1 + 1 4 + t 8 )t 6 °(i + ty((t 4 + t 2 )(t + iy + (t 2 - 1)(* - m/2)p t (BG 2 ). 

Proof. WehaveP t (iJ°(Jg) w ) = P t {K9)P t (BK)+P t ((H Q (7*)®3) w *). The formula follows 
by computation from Proposition 14.91 □ 



4.4 A 3 

Let {ei, e 2 , e 3 , e^} denote the standard basis in C 4 with the standard pairing. Identify 
t = (ei + e 2 + e 3 + e^) 1 - C C 3 . We choose positive roots A + = {a^ = — ej\i < j} and 
use the pairing to identify a^j = h aij . The Weyl group W = £4 acts on the group of 
characters T 2 = $/2$ with two nontrivial orbits, distinguished by where they send — 1. 

Proposition 4.12. Let x '■ Q/2Q — >■ Z/2 be the nontrivial character sending [h ai2 ], [h ai3 ], [h a23 ] 
to 1 ( x ^es in orbit of size 4)- Then if°(J r { c ) is a free A-module. Choosing coordinates 
X{ = a i: 4, i = 1,2,3, we have free basis 



1 <g> XiX 2 X 3 , (Xy A x 2 A X 3 ) <g (xi - x 2 ){x 2 - x 3 )(x 3 - Xi), 
<g> x 2 x 3 , y^(xx A x 2 ) <g (xi - x 2 )xix 2 x 3 , 

c.p c.p. 

y~)xi® XyX 2 X 3 , ^2(Xl A X 2 ) (g) (Xi - X 2 )X 2 X 3 , 
c.p. c.p. 

^2xi (x 2 x 3 ) 2 , y^(xi A x 2 ) (g (xi - x 2 )x 3 . 

c.p. c.p. 



where the sums are over cyclic permutations by the 3-cycle (1,2,3). 

Proof. Analogous to Proposition 14.31 □ 
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On the other hand, the remaining Weyl orbit of characters gives rise to non-free 
modules: 

Proposition 4.13. Let x '■ $/2$ — > Z/2 be the non-trivial character satisfying x{h ai2 ) = 
x{h a3A ) — 1- Then H°(Pf) is not free over A. The Hilbert series of H°(P^) is 



(1 -t 2 ) 3 

Proof. The calculation was done using MAGMA [BCP97J. Because the numerator of the 
Hilbert series is has negative coefficients, the module can not be free. □ 

This example disproves the general conjecture that TZ 9 K (c) is equivariantly formal for 
all c and K, because it fails when K = SU(4) and c is regular. However, when c = 1 
there is no contradiction. 

Proposition 4.14. Let 1Z = 7^(1). The ring of Weyl invariants H°(Pti) w is a free 
A w -module, with Poincare series 



P t {H°{P n ) w )P t {BK) = P t (K) + (1 + t 2 + t 4 + t s )(t 5 + 2t 6 + t 7 + t s + 2t 9 + t 10 ) + 

(1 + t 4 + t 8 )(t 8 + t 15 ) + t(2t 14 + 2t 12 + 3t 10 + t s + t 6 ) + 

t 2 (t 20 + t 16 + t U + 2f 12 + 2t 10 + t 8 + t 6) 

Proof. The first two terms are obtained in similar fashion to the cases A 2 , B 2 , C 2 - The 
remaining terms were computed using MAGMA. □ 



5 Collecting data 

The following tables list the Hilbert series of H°(Pi) and whether or not it is a free A- 
module, for several values of simply connected K. All results not already described in §4] 
were obtained using MAGMA |BOP97j . 

The terms are collected into Weyl orbits of T2-isotypical components. Every term 
possessing no negative coefficients corresponds to a free A-module summand. 
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Lie type 


Free? 


Hilbert series of H°{F n i ^) times (1 — t) rk(K ^ for regular c. 


A 2 


yes 


P t (A 2 ) + 3(t 3 + 2t 4 + t 5 ) 


B 2 


yes 


P t (B 2 ) + 2(t 4 + 2t 5 + t 6 ) + (t 3 + t 4 + t 6 + t 7 ) 


G 2 


yes 


P(G 2 ) + 3(t 6 + 2t 7 + t 8 ) 


A, 


no 


P t (A 3 ) + 4(1 + t) 2 (t 8 + t 5 ) + 3(1 + t)(-t 12 + t w + 2t 8 + 2t 7 ) 


B 3 


no 


P t (B 3 ) + 3t 7 (t + 1)(1 + 2t 3 + t 6 ) + At\t + l) 2 (t 3 + l)(-t 3 + t 2 + 1) 


c 3 


no 


P t (C 3 ) + 3t 8 (t + l) 2 (t 3 + 1) + 3t 9 (t + l)(-t 9 + 2t 5 + t 2 + t + 1) + t 5 (t + 

« \ " / \ /\/\/\ / \ 

l)(t 3 + l)(t 7 + l) 


A, 


no 


P t (A 4 ) + 5t 7 (t + l) 2 (t 3 + l)(t 5 + 1) + 10t xl (* + 1) 2 (^ 3 + 1)H 4 + * + 2) 




no 


P t (S 4 ) + 4t n (i + l)(t 3 + l) 2 (t 7 + 1) + 3t 15 (t + l)(t 3 + l)(-t u + t 7 + 2t 3 + 
t 2 + 1) + 8t 16 (t + l) 2 (t 3 + l)(-t 8 + t 5 + t 2 + 1) 


c 4 


no 


P t (C 4 ) + 4t 12 (t + l) 2 (t 3 + l)(t 7 + 1) + t 7 (t + l)(t 3 + l)(t 7 + l)(t u + 1) + 
Qt w (t + l) 2 (-t 13 + 3t 5 + 1 2 + 1) + 4t 15 (t + l) 2 (t 3 + l) 2 (-t 9 + t 8 - 1 7 + 2t 6 - 
t 5 + t 4 -2t 3 + t 2 + l) 




no 


P t (D 4 ) + 12t 11 (t + l) 2 (t 3 + l)(-t 8 + 1 7 + 1 2 + 1) + 3t 12 (t + l) 2 (-3t 9 + 6t 5 + 
t 2 -t+l) 


F 4 


no 


P t (F 4 ) + 3t 15 (t + l)(t 3 + l)(t 7 + l)(f n + 1) + m 24 (t + l) 2 (t 3 + l)(-t 14 + 
t n _ t s + t (> + t 5_ t 3 + t 2 + ^ 



In the following table we collect Hilbert series for H ^-^ ^) w divided by P t (BK), 
where 1 e K is the identity. 
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Lie type 


Free? 


Hilbert series for H°(JF n i K{1) ) divided by P t (BK) 


A 2 


yes 


P t (A 2 ) + (t 4 + t 2 + l)(t 5 + 2t 4 + t 3 ) 


B 2 


yes 


P t (B 2 ) + t\t 7 + t 6 + t 4 + t 3 ) + t 2 (t 4 + l)(t 6 + 2t 5 + t 4 ) 


G 2 


yes 


Pt(G 2 ) + \t\t + l)(t 8 + t 4 + l)(t 5 + t 4 + 2t 3 - t + 1) 


A 3 


yes 


P t (A 3 ) + t 5 (t + l) 2 (t 3 + l)(3t 6 - t 5 + 2t A -t 3 + St 2 + 1) 


#3 


yes 


ft (±>3 j + 1 (t + 1 J (t + 1) (t + It — St + or + St — St + It + 2t — t + 1 j 


c 3 


no 


Pt(C 3 ) + t 10 (t + l)(t 3 + l)(-t 17 + t 14 + t 13 - t 11 + 3t 9 + 4t 8 - t 6 + 2t 5 + 
2t 4 + t 3 + 2t+ 1) 


A, 


no 


P t (A 4 ) + (t + l)(t 3 + l)(t 5 + l)(t 4 +t 3 +t 2 +t + l)(-t 12 +t 9 +t 8 + 2t 5 + 2t 4 + l) 



Observe that this disproves the weak version of the conjecture, that H 9 K (t) = Hom(iri(E g ), K) 
is equivariantly formal for all K, because it fails when g — 1 and K = SU(5). 
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